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(ABSTRACT)

A three-dimensional, nonlinear dynamic analysis is conducted on a fully submerged, rigid, solid

cylinder to be used as a breakwater.  The breakwater could potentially be used as a single

cylinder to protect small structures.  Alternatively, multiple cylinders could be positioned in

series to protect shorelines, harbors, or moored vessels from destructive incident water waves.

The cylinder is positioned with its axis horizontal and is moored to the seafloor with four

symmetrically placed massless mooring lines connected at the ends of the cylinder.  The mooring

lines are modeled as both linearly elastic (“regular”) springs and compressionless springs.  All

six degrees of freedom of the structure are considered.  The breakwater is modeled in air with a

net buoyant force acting through the cylinder’s center of gravity.  The six “dry” natural

frequencies of the structure are computed.  Both linear and nonlinear free vibrations of the

structure are considered.  Linear damping is used to model the fluid and mooring damping

effects.  Normal and oblique harmonic wave forces at various frequencies and amplitudes are

applied to the cylinder.  The effects of the forcing amplitude and frequency, and the coefficient

of damping, on the motion of the breakwater are studied.  The results show that more erratic

behavior occurs for the breakwater with compressionless springs, mainly due to the development

of snap loads in the mooring lines.
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Chapter 1: Introduction and Literature Review

1.1 Overview

Past research has shown that moored cylinders have the potential to be effective breakwaters

used to protect shorelines and offshore structures from destructive water waves.  Recently, there

has been an interest in inflatable, cylindrical breakwaters.  Some of the advantages of using

inflatable breakwaters include the flexibility for either temporary or permanent use,

transportability, cost effectiveness, and ease of construction and installation.

Several studies on floating and submerged breakwaters have been conducted, but most of these

studies have been linear two-dimensional analyses.  The purpose of this thesis is to consider the

three-dimensional nonlinear dynamics of a moored, fully submerged cylinder to be used as a

breakwater.  The structure to be studied in this research is a rigid, solid cylinder that is attached

to the sea floor by four symmetrically placed mooring lines.  A detailed description, including

drawings, of the structure is provided in Chapter 2.

1.2 Literature Review

1.2.1 Floating Breakwaters

As an alternative to fixed structures, floating breakwaters were developed.  An early and

historical development in this area was the use of the “Bombardon” floating breakwater in World

War II.  Several of these steel structures in the shape of a Maltese Cross were arranged in two

lines along the coast of France to aid the D-Day invasion in 1944.  The controversial decision to

use this floating breakwater was made after theoretical analyses and hydraulic model testing

(Tsinker 1995).  The “Bombardon” breakwater served its purpose to dissipate wave energy and

provide shelter for invading troops during the critical initial stages of the invasion, until they

failed due to an unexpected forty-year storm.
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Over the years, many different types of floating breakwaters have been developed and many

conclusions have been made.  Some of the advantages of floating breakwaters include:

1. Floating breakwaters are an economic alternative to fixed structures for use in deeper waters

(depths greater than 20 feet) (McCartney 1985).

2. Floating breakwaters can effectively attenuate moderate wave heights (less than about 6.5

feet) (Tsinker 1995).

3. Poor soil conditions may make floating breakwaters the only option available (McCartney

1985).

4. Floating breakwaters minimize the interference on water circulation and fish migration

(McCartney 1985).

5. If ice formation presents a problem, floating breakwaters can be removed from the site

(McCartney 1985).

6. Floating breakwaters are not obtrusive and can be more aesthetically pleasing than fixed

structures (McCartney 1985).

7. Floating breakwaters can easily be rearranged in a different layout or transported to another

site for maximum efficiency (McCartney 1985).

Some of the disadvantages of floating breakwaters are:

1. Floating breakwaters are ineffective in reducing wave heights for slow waves; a practical

upper limit for the design wave period is in the range of 4 to 6 seconds (equal to a minimum

frequency of 1.0 rad/s to 1.6 rad/s) (Tsinker 1995).

2. Floating breakwaters are susceptible to structural failure during catastrophic storms (Tsinker

1995).

3. Relative to conventional fixed breakwaters, floating breakwaters require a high amount of

maintenance (Tsinker 1995).

The list of different types of breakwaters that have been modeled and/or constructed is quite

long, but they can divided into four basic groups: box, pontoon, mat, and tethered float.  Most

box type breakwaters are reinforced concrete rectangular shaped modules.  These structures have
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proved to be effective and have a 50 year design life.  The main disadvantages for these

structures are that they are considerably more expensive than mat types and require higher

maintenance.  One restricting design parameter is the L/W (wavelength-to-breakwater width)

ratio (McCartney 1985).  As this value increases, the wave transmission coefficient, ct,

decreases.  The wave transmission coefficient is the ratio between the wave height after the

breakwater to the incident wave height.

Pontoon types include several different models, such as the ladder type, catamaran type, and the

frame type.  Pontoon types are generally less expensive than box types and have similar

advantages and disadvantages of the box type.  The L/W parameter must be controlled, as it was

in the box type (McCartney 1985).

There are three types of tire mat breakwaters that have been used: Wave Maze, Goodyear, and

Wave-Guard.  The many advantages of the tire mat type breakwaters include low cost, simple

construction, portability, low anchor loads, and greater effectiveness than box and pontoon types.

However, there are many serious limitations to the mat types, such as lack of buoyancy, 15-20

year design life, practical use for only moderate wave conditions (less than 3 feet high, 3-second

periods), and easy accumulation of debris (McCartney 1985).

The last type of floating breakwater is the subject of this thesis, the tethered float.  There is not a

sufficient amount of prototype experience of these moored breakwaters to merit final

conclusions.  The remainder of this literature review will cover the theoretical and limited

experimental research completed on these types of breakwaters, along with a review of

applicable mooring systems and slack/taut behavior of cables.

1.2.2 Moored Structures Used as Breakwaters

There has been much research conducted in the area of moored breakwaters.  Although most of

the work done in this area has been for floating or partially submerged non-cylindrical structures,
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it is still beneficial to have a background in this field due to the fundamental relationship with the

moored cylinder being considered in this thesis.  Two relevant research studies will be discussed

in this section.

1.2.2.1 Williams and McDougal Breakwater

Williams and McDougal (1996) conducted a two-dimensional analysis of a long tethered

breakwater with a rectangular cross section.  The breakwater can either be analyzed as fully

submerged or surface piercing (partially submerged).  The motion of the structure is described by

only surge, heave, and pitch.  The rectangle is moored to the sea floor by two linear springs

attached at the bottom edges of the object.  Fluid-structure interaction is modeled and the

equations of motion (EOMs) are linearized.  Small amplitude waves of constant period are

repeatedly applied to the breakwater.  Small-scale experimental tests were conducted to verify

the theoretical results.

The main assumption in this research is the two-dimensional idealization of the problem.  This

can be an invalid assumption when considering the oblique nature of ocean waves.  Also,

linearized EOMs assume that small motions for the three degrees of freedom (DOFs) will occur.

The results of this research lead to the conclusion that the breakwater is most effective at wave

frequencies near the surge natural frequency.  Furthermore, the structure’s effectiveness was

greatest when the diffracted and radiated waves were of the same magnitude, but 180 degrees out

of phase.  These ideal conditions resulted in a low transmission coefficient of 0.5.  The physical

tests yielded reasonable agreement with the theoretical results.

1.2.2.2 Yamamoto and Yoshida Breakwater

Yamamoto and Yoshida (1979) conducted large-scale experimental tests to validate theoretical

results.  In Yamamoto et al. (1980), general equations were developed to model a long two-

dimensional breakwater of arbitrary cross section moored to the sea floor at any location.  Three

DOFs were considered: sway, heave, and roll.  Two specific cases were tested in the
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experiments.  One was a three-circle cylinder, which had a cross section of three adjacent circles

connected by horizontal lines at the top and bottom.  Different mooring configurations were

tested, including a cross mooring system.  Unlike the cylinder considered in this thesis, the

longitudinal axis of the three-circle cylinder was in the same direction as the wave propagation.

The other cross section was a rectangle symmetrically moored to the sea floor.  The mooring

lines were modeled with springs.

Generally, the experimental results yielded good agreements with the theory.  The three-circle

cylinder was effective when large motions occurred in sway and roll.  Zero transmission

coefficients occurred at either very low or high frequencies, with moderate results in between.

For the rectangular breakwater, the experimental results agreed with the theory at all frequencies

except the natural frequencies.  However, the lowest transmission coefficients still occurred near

the resonant frequencies.

1.2.3 Moored Cylindrical Breakwaters

Several papers have been written on the topic of moored cylindrical breakwaters.  Both fully and

partially submerged, rigid and flexible cylinders have been researched.  Once again, most of the

research in this area has involved two-dimensional analyses and some experimental work has

been conducted as well.  Most of the research covered concluded that the maximum efficiency of

cylindrical breakwaters occurs at the “tuning frequency,” or at the natural frequency of the

breakwater.

1.2.3.1 Evans’ Cylinder

Evans and Linton (1989) conducted a two-dimensional analysis of a long, fully submerged

cylinder that was constricted to small motions in heave and sway.  Linear wave theory was used

to model the wave forcing and damping.  Theoretical results were verified with experimental

results.  This research concluded that a submerged cylinder can effectively reduce wave heights
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for a range of different frequencies.  In fact, a zero transmission coefficient resulted at the tuning

frequency for an infinitely long cylinder.  While the assumptions made provided for a

theoretically ideal situation, the work does validate the common conclusion that the breakwater

is most effective when the forcing frequency equals the natural frequency of the structure.

1.2.3.2 Bristol Cylinder

The purpose of this research by Davis et al. (1981) was not to consider a submerged moored

cylinder as a breakwater.  Instead, the cylinder was used to transform wave energy to usable

energy through the mooring lines.  Several concrete cylinders were to be placed in series, normal

to the direction of the incident waves.  Similar to the breakwaters, the cylinders were most

effective in extracting wave energy at the structure’s tuning frequency.  The conclusion made

was that the cylinders were most effective near the wave surface.  Experimental results showed

fair validation to the theoretical results.

1.2.3.3 Mays’ Cylinder

The research conducted by Mays et al. (1999) is the basis for this thesis.  The breakwater

analyzed is the exact same structure analyzed in the present research.  A three-dimensional

analysis of the submerged rigid cylinder moored to the sea floor by four massless mooring lines

was conducted.  The mooring lines were modeled as massless, taut, linear elastic springs.  A

boundary integral method was used to model the wave forcing and damping matrices.  The

nonlinear EOMs derived in this research were linearized for the analyses.  The purpose of this

research was to determine the effectiveness of a single cylinder and two cylinders lined up in

series in attenuating the incident wave energy.  Because a three-dimensional structure was

developed, normal and oblique incident waves were considered.  All six DOFs were taken into

account: surge, heave, sway, pitch, yaw, and roll.  From the boundary integral calculations, the

added inertia from the water on the cylinder allowed the six “wet” natural frequencies to be

computed.
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The results concluded that the cylinder was most effective at its lowest natural frequency, which

was a coupled mode of mostly sway with some roll.  At this ideal frequency, the transmission

coefficient was between 0.4 and 0.6, depending on the wave angle.  The breakwater proved to be

effective for greater frequencies as well, but this efficiency was lost as the incident wave angle

increased.  The reason for this is that for oblique angles, the wave energy can tend to pass around

one of the sides of the cylinder.  For the two-cylinder case, the main conclusion was that the

space between the cylinders should be limited to maximize the efficiency, otherwise

considerable wave energy can pass between the cylinders.

1.2.4 Mooring Systems

Several methods exist to model mooring lines.  As mentioned so far, frequently linear elastic

springs are used.  Another model sometimes used is a series of springs connected by lumped

masses.  In the present study, two models are used: taut linear elastic springs and taut

compressionless springs.

1.2.4.1 Materials

Skop (1988) conducted a state-of-the-art review of mooring systems.  Mechanical properties and

characteristics of different material types were listed.  A wide variety of available materials were

covered, such as conventional steel chain and wire ropes and synthetic fiber ropes.  The trend in

the offshore industry is to select synthetic materials because they are much lighter than steel and

are corrosion resistant.  The synthetic materials available for mooring systems are nylon, dacron,

polyester, polypropylene, polyethylene, and kevlar.  Sometimes a combination of chain and a

wire is used.  For example, chain links are commonly connected to the anchor (to provide extra

weight and abrasion resistance) and the buoy (to provide extra strength and weight for added

stability).  Other papers dealing with mooring systems include Ansari (1980), Chaplin and Del

Vecchio (1992), D’Souza et al. (1993), Dercksen and Hoppe (1994), Bernitsas et al. (1995), and

Szelangiewicz (1996).
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1.2.4.2 Slack/Taut Behavior

Under extreme loading conditions, some of the initially taut mooring lines may suddenly become

slack, causing extreme loads on the cables when they return to a tensile state.  This problem

represents a nonlinear behavior for true mooring lines.  Therefore, modeling mooring lines as

regular springs is not sufficient for a nonlinear analysis.  Some papers regarding this topic are

summarized below.

Goeller and Laura (1971) and Laura and Goeller (1971) considered analytical and experimental

studies of a vertically hanging cable system composed of steel and nylon segments.  The cable

was submersed in water with a payload at the bottom of the cable.  Forced oscillations were

imposed on the system and “snap loading” conditions occurred in the steel portion of the cable

before resonance did.  Impact loads, which were up to nine times the static payload, resulted.

Such high impact loads can cause catastrophic failure.

Liu (1973) studied snap loads on an analytical mooring system that was composed of lumped

masses connected by compressionless springs.  The mooring system was loaded by surface

waves.  Liu defined three different types of tensions in the mooring lines: static tension load,

dynamic tension load, and snap load.  The static tension load was defined as the initial weight of

the cable system.  The maximum dynamic tension load was defined as the maximum increase or

decrease in tension from the static load.  Snap load was defined as the “sudden tensioning of a

slack cable system.”  This load usually occurred for a very short period of time, but was often

orders of magnitude greater than static and dynamic tension loads.  Similar models of

compressionless springs are utilized in Niedzwecki and Thampi (1991), Huang and Vassalos

(1993, 1995), Driscoll and Nahon (1996), and Huang (1999).

Huang and Vassalos (1993) developed a three-dimensional numerical approach for predicting

snap loading of marine cables.  They modeled the mooring lines with lumped masses connected

by compressionless springs.  The cables underwent alternating slack/taut behavior.  Their

theoretical results were confirmed by previous experimental research.
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More papers available on the slack/taut behavior of cables and mooring lines are Brekke and

Gardner (1987), Milgram et al. (1988), Shin (1991), Driscoll and Iggins (1993), Patel and Park

(1993), and Patel and Wilne (1994).

1.2.5 Need For Further Research

Previous research conducted related to this thesis topic has been for two- and thee-dimensional

models of cylindrical breakwaters.  All of the papers discussed considered only linearized

EOMs, therefore ignoring large motions.  For a structure of this type, especially under extreme

loading conditions, it is necessary to consider the nonlinear EOMs.  Another nonlinearity yet to

be considered for floating cylindrical breakwaters is the slack/taut behavior of the mooring lines.

Most of the prior research used linear elastic springs to model the mooring lines.  While this

model may prove to be worthy for small loading conditions, it cannot be reliably trusted for large

wave loads due to the instant and dramatic change in behavior of the mooring lines.  Therefore, it

is important to conduct a three-dimensional nonlinear dynamic analysis on this type of

breakwater.

1.2.6 Scope of Work

As has been mentioned, the purpose of this research is to conduct a three-dimensional nonlinear

dynamic analysis of a rigid cylinder to be used as a breakwater.  The formulation of the model

used is described in Chapter 2.  In that chapter, the nonlinear EOMs are nondimensionalized to

simplify calculations and make the results adaptable to different dimensions.

Chapter 3 investigates the “dry” damped and undamped free vibration behavior of the

breakwater.  The six modes of vibration are described for small motions about equilibrium.  The

free vibration for large initial displacements is also considered.
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In Chapter 4, the forcing analysis is described and results are presented for the taut, linear elastic

spring mooring line model.  The behavior of the cylinder is presented for various different

parameters such as damping and forcing amplitude and frequency.  Normal, oblique, and

longitudinal wave forces are considered.  Poincaré maps are displayed to investigate chaotic

behavior, where applicable.

Chapter 5 considers the same analyses conducted in Chapter 4, except for the compressionless

spring model to simulate the effects of the slack/taut behavior.  The effects of the different

parameters on the mooring line tensions are also considered.  The thesis is concluded in Chapter

6 with conclusions and recommendations for future work.
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Chapter 2: Formulation

2.1 Assumptions

Before building the computer model to analyze the structure, some assumptions were necessary.

First, the breakwater is modeled as if in air with a net buoyant force acting upwards on the

structure through its center of mass.  Therefore, the fluid inertia and damping effects that would

be added to the structure if a more realistic analysis were conducted are neglected.  The reason

for this is that it is very difficult, and beyond the scope of this thesis, to analyze the nonlinear

fluid-structure-interaction problem of the cylinder performing large motions due to waves.  Thus,

the wave forces are represented as regular sinusoidal waves, as will be explained in detail in

Chapter 4.  A third assumption made involves the damping in the system.  Linear damping is

used and it is assumed that this is an adequate model of the fluid damping.  Finally, the mooring

lines are assumed to be massless and are modeled as taut, linearly elastic springs and

compressionless springs.  The mooring lines are assumed to be rigidly attached to the seafloor.

2.2 Equilibrium Configuration of Breakwater

The basic configuration of the breakwater is arranged to take advantage of symmetry.  The

profile, plan, and end views of the structure in equilibrium are shown in Figures 2.1-2.3,

respectively.  A rendered three-dimensional drawing of the breakwater is also provided in Figure

2.4.  Figure 2.1 shows that the origin of the global X-Y-Z axes is located on the ocean floor

directly below the cylinder’s center of mass.  The X axis is parallel to the axis of the cylinder and

the Y axis is upward.  The x-y-z axes are fixed in the cylinder with their origin at the center of

mass, the x axis along the cylinder’s axis, and the y axis upward in equilibrium.  The cylinder’s

axis is parallel to the ocean floor and is parallel to the shoreline or to the structure the breakwater

would be designed to protect.  The length of the cylinder is L and the radius is R.  The

equilibrium position of the center of mass of the cylinder is defined by the global coordinates

Xc_eq, Yc_eq, and Zc_eq.  Alternatively, this location can be described as (0, Yc_eq, 0).
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Four mooring lines connected to the ends of the cylinder are symmetrically attached to the ocean

floor.  As shown in the drawings of the breakwater, at equilibrium the lines are connected to the

cylinder ends in the horizontal plane of the structure’s center of mass.  Each mooring line is then

connected to the ocean floor a distance, a, away from the cylinder in the X direction, and a

distance, b, away from the cylinder in the Z direction. The dimensions used for this breakwater

are the same as those used in Mays et al. (1999): L = 30 ft, R = 5 ft, a = 10 ft, b = 10 ft, and li =

20 ft, the natural (unstrained) length of each mooring line (i = 1,2,3,4).

2.3 Model of the Mooring Lines

As mentioned in Section 2.1, the mooring lines are modeled first as taut, linearly elastic springs

(“regular” springs).  The mass of the mooring lines is neglected, which was proved to be a valid

assumption by Mays (1997) with regard to equilibrium.  He showed that regardless of whether

the lines were modeled as massless springs or as multiple springs with lumped masses, the static

equilibrium position of the cylinder was not significantly changed.  It is important to note that

this is the mooring line model that will be used to determine the equilibrium position of the

breakwater and the structure’s modes of vibration.  Numerous forcing analyses will be conducted

using this model.  A second model using compressionless springs to represent the slackening

effects of true mooring lines will also be considered under forcing and will be explained in detail

in Chapter 5.

2.4 Equations of Motion

The derivation of the EOM’s of this structure is detailed in Mays (1997).  A summary of the

applicable steps taken in this lengthy derivation is provided as follows.

2.4.1 General Breakwater Configuration

Before the EOM’s are shown, many terms need to be described.  The six degrees of freedom of

the structure are defined as follows: surge is represented by X, heave by Y, sway by Z, pitch by

ψ , yaw by θ, and roll by φ.  The motion of the cylinder is traced by the location of Xc, Yc, Zc, ψ ,
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θ, and φ at any point in time, with respect to the origin of the X-Y-Z axes.  The subscript c

denotes the location of the cylinder’s center of mass.

Figure 2.5 shows the breakwater in an arbitrary state.  The local axes of the cylinder are the x-y-z

axes.  The point where the spring and the cylinder connect is called Point Ai (ai1, ai2, ai3), where

subscript i denotes the specific mooring line.  In the X-Y-Z global axes, Point Ai is located at (Xc

+ ai1, Yc + ai2, Zc + ai3) in equilibrium, and is determined by adding the two vectors rc and A

during motion.  Mays (1997) developed the transformation matrix that allowed Point Ai to be

defined as a function of Xc, Yc, Zc, ψ , θ, and φ.  The dimensions for point Ai are: a11 = 15 ft, a12

= 0, a13 = 5 ft, a21 = 15 ft, a22 = 0, a23 = -5 ft, a31 = -15 ft, a32 = 0, a33 = 5 ft, a41 = -15 ft, a42 = 0,

and a43 = -5 ft.

2.4.2 Lagrange’s Equations

Mays (1997) used Lagrange’s Equations to derive the EOM’s of the breakwater.  First, the

kinetic and potential energies, T and V respectively, of the mooring lines and the cylinder were

developed.  However, in the present case, the mooring line energy only consists of potential

energy since the lines are massless.  The Lagrangian was then found for the mooring line and for

the cylinder using the following equations:

Li = Ti – Vi     (2.1)

Lc = Tc – Vc     (2.2)

where Li is the Lagrangian for the mooring lines and  Lc is the Lagrangian for the cylinder.  The

total Lagrangian of the system is then

L = Li + Lc.     (2.3)

Lagrange’s Equations of Motion neglecting damping and forcing are then derived from

d
dt

L

Q

L
Q

j
j

∂

∂

∂
∂.













 − =    0 j = 1,2,3,...,N     (2.4)

or
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d
dt

L

Q

L
Q

d
dt

L

Q

L
Q

i

j

i

j

c

j

c

j

∂

∂

∂
∂

∂

∂

∂
∂. .













 − +













 − =       0 j = 1,2,3,...,N     (2.5)

where Qj represents each of the N independent variables in the system.  Therefore, in the present

case, six Lagrange’s EOM’s would result from the above procedure, one for each of the six

degrees of freedom.  The equations presented here are corrected versions of the equations of

Mays (1997) along with the simplification that the principal moments of inertia Iyy and Izz are

equal.

The final six EOM’s are:

or,

m Xc

 

c

. .
+ 

i =
∑

 1

4

{Ki[Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  - sinψ cosφ) + ai3(sinθcosφcosψ  +

sinφsinψ ) - Xi] - Kili{[Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  - sinψ cosφ) +

ai3(sinθcosφcosψ  + sinφsinψ ) - Xi]2 + [Yc + ai1sinψ cosθ + ai2(sinψ sinφsinθ +     (2.7)

cosφcosψ ) + ai3(sinθcosφsinψ  - sinφcosψ ) - Yi]2 + [Zc - ai1sinθ + ai2sinφcosθ +

ai3cosθcosφ - Zi]2}-1/2 [Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  - sinψ cosφ) +

ai3(sinθcosφcosψ  + sinφsinψ ) - Xi]} = 0;

or,

m Yc

 

c

. .
- wc + 

i =
∑

 1

4

{Ki[Yc + ai1sinψ cosθ + ai2(sinψ sinφsinθ + cosφcosψ ) + ai3(sinθcosφsinψ

- sinφcosψ ) - Yi] - Kili{[Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  - sinψ cosφ) +

ai3(sinθcosφcosψ  + sinφsinψ ) - Xi]2 + [Yc + ai1sinψ cosθ + ai2(sinψ sinφsinθ +     (2.9)

cosφcosψ ) + ai3(sinθcosφsinψ  - sinφcosψ ) - Yi]2 + [Zc - ai1sinθ + ai2sinφcosθ +

ai3cosθcosφ - Zi]2}-1/2[Yc + ai1sinψ cosθ + ai2 (sinψ sinφsinθ + cosφcosψ )

d
dt

L

X

L
X

c c

∂

∂

∂
∂⋅









 − = 0

d
dt

L

Y

L
Y

c c

∂

∂

∂
∂⋅









− = 0

( )2 6.

( )2 8.
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+ ai3(sinθcosφsinψ  - sinφcosψ ) - Yi]} = 0;

or,

m Zc

 

c

. .
+ 

i =
∑

 1

4

{Ki[Zc- ai1sinθ + ai2sinφcosθ + ai3cosθcosφ - Zi] - Kili{[Xc+ ai1cosθcosψ  +

ai2(sinφsinθcosψ  - sinψ cosφ) + ai3(sinθcosφcosψ  + sinφsinψ ) - Xi]2 + [Yc+   (2.11)

ai1sinψ cosθ + ai2(sinψ sinφsinθ + cosφcosψ ) + ai3 (sinθcosφsinψ  - sinφcosψ ) - Yi]2 +

[Zc- ai1sinθ + ai2sincosθ + ai3cosθcosφ - Zi]2}-1/2 [Zc- ai1sinθ + ai2sinφcosθ +  ai3cosθcosφ -

Zi]} = 0;

or,

(Ixxsin2θ + Iyycos2θ) ψ
. .

 - (Ixxsinθ) φ
. .

 - Ixx( φ
.

θ
.

cosθ - 2 ψ
.

θ
.

sinθcosθ) - Iyy(2 ψ
.

θ
.

cosθsinθ)

+ 
i =
∑

 1

4

{Ki[Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  - sinψ cosφ) + ai3(sinθcosφcosψ  +

sinφsinψ ) - Xi][-ai1cosθsinψ  - ai2(sinφsinθsinψ  + cosψ cosφ) - ai3(sinθcosφsinψ  -

sinφcosψ )] + Ki[Yc + ai1(sinψ cosθ) + ai2(sinψ sinφsinθ + cosφcosψ ) + ai3(sinθcosφsinψ  -

sinφcosψ ) - Yi][ai1cosθcosψ  + ai2(cosψ sinφsinθ - cosφsinψ ) + ai3(sinθcosφcosψ  +   (2.13)

sinφsinψ )] - Kili{[Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  -  sinψ cosφ) + ai3(sinθcosφcosψ

+ sinφsinψ ) - Xi]2 + [Yc + ai1sinψ cosθ + ai2(sinψ sinφsinθ + cosφcosψ ) + ai3(sinθcosφsinψ

- sinφcosψ ) - Yi]2 + [Zc - ai1sinθ + ai2sinφcosθ + ai3cosθcosφ - Zi]2}-1/2{[Xc + ai1cosθcosψ

+ ai2(sinφsinθcosψ  - sinψ cosφ) + ai3(sinθcosφcosψ  + sinφsinψ ) - Xi][-ai1cosθsinψ  -

ai2(sinφsinθsinψ  + cosψ cosφ) - ai3(sinθcosφsinψ  - sinφcosψ )] + [Yc + ai1sinψ cosθ +

d
dt

L

Z

L
Z

c c

∂

∂

∂
∂⋅









 − = 0

d
dt

L L∂

∂

∂
∂ΨΨ

⋅









− = 0

( )2 10.

( )2 12.
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ai2(sinψ sinφsinθ + cosφcosψ ) + ai3(sinθcosφsinψ  - sinφcosψ ) - Yi][ai1cosθcosψ  +

ai2(cosψ sinφsinθ - cosφsinψ ) + ai3(sinθcosφcosψ  + sinφsinψ )]}} = 0;

or,

Iyy θ
. .

 + Ixx( φ
.

ψ
.

cosθ - ψ
.

2cosθsinθ) + Iyy ψ
.

2cosθsinθ + 
i =
∑

 1

4

{Ki[Xc + ai1cosθcosψ  +

ai2(sinφsinθcosψ  - sinψ cosφ) + ai3(sinθcosφcosψ  + sinφsinψ ) - Xi][-ai1cosψ sinθ +

ai2sinφcosθcosψ  + ai3cosθcosφcosψ ] + Ki[Yc + ai1sinψ cosθ + ai2(sinψ sinφsinθ 

+ cosφcosψ ) + ai3(sinθcosφsinψ  - sinφcosψ ) - Yi][-ai1sinψ sinθ + ai2sinψ sinφcosθ

+ ai3cosθcosφsinψ ] + Ki[Zc - ai1sinθ + ai2sinφcosθ + ai3cosθcosφ - Zi](-ai1cosθ -

ai2sinφsinθ - ai3sinθcosφ) - Kili{[Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  - sinψ cosφ)

+ ai3(sinθcosφcosψ  + sinφsinψ ) - Xi]2 + [Yc + ai1sinψ cosθ + ai2(sinψ sinφsinθ +   (2.15)

cosφcosψ ) + ai3(sinθcosφsinψ  - sinφcosψ ) - Yi]2 + [Zc - ai1sinθ + ai2sinφcosθ +

ai3cosθcosφ - Zi]2} -1/2{[Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  - sinψ cosφ) +

ai3(sinθcosφcosψ  + sinφsinψ ) - Xi][-ai1cosψ sinθ + ai2sinφcosθcosψ  +

ai3cosθcosφcosψ ] + [Yc + ai1sinψ cosθ + ai2 (sinψ sinφsinθ + cosφcosψ ) +

ai3(sinθcosφsinψ  - sinφcosψ ) - Yi][-ai1sinψ sinθ + ai2sinψ sinφcosθ +

ai3cosθcosφsinψ ] + [Zc - ai1sinθ + ai2sinφcosθ + ai3cosθcosφ - Zi](-ai1cosθ -

ai2sinφsinθ - ai3sinθcosφ)}} = 0;

or,

- (Ixxsinθ) ψ
. .

 + Ixx φ
. .

 - Ixx ψ
.

θ
.
 cosθ + 

i =
∑

 1

4

{Ki[Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  -

sinψ cosφ) + ai3(sinθcosφcosψ  + sinφsinψ ) - Xi)(ai2(cosφsinθcosψ  + sinψ sinφ)

- ai3(sinθsinφcosψ  - sinψ cosφ)] + Ki[Yc + ai1(sinψ cosθ) + ai2(sinψ sinφsinθ +

d
dt

L L∂

∂θ

∂
∂θ⋅









− = 0

d
dt

L L∂

∂φ

∂
∂φ⋅











− = 0

( )2 14.

( )2 16.
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cosφcosψ ) + ai3(sinθcosφsinψ  - sinφcosψ ) - Yi][ai2(sinψ cosφsinθ - sinφcosψ ) -

ai3(sinθsinφsinψ  + cosφcosψ )] + Ki[Zc - ai1sinθ + ai2sinφcosθ + ai3cosθcosφ -

Zi](ai2cosφcosθ - ai3cosθsinφ) - Kili{[Xc + ai1cosθcosψ  + ai2(sinφsinθcosψ  -

sinψ cosφ) + ai3(sinθcosφcosψ  + sinφsinψ ) - Xi]2 + [Yc + ai1sinψ cosθ +   (2.17)

ai2(sinψ sinφsinθ + cosφcosψ ) + ai3(sinθcosφsinψ  - sinφcosψ ) - Yi]2 + [Zc -

ai1sinθ + ai2sinφcosθ + ai3cosθcosφ - Zi]2}-1/2{[Xc + ai1cosθcosψ  +

ai2(sinφsinθcosψ  - sinψ cosφ) + ai3(sinθcosφcosψ  + sinφsinψ ) -

Xi][ai2(cosφsinθcosψ  + sinψ sinφ) - ai3(sinθsinφcosψ  - sinψ cosφ)] + [Yc +

ai1sinψ cosθ + ai2(sinψ sinφsinθ + cosφcosψ ) + ai3(sinθcosφsinψ  - sinφcosψ )

- Yi][ai2(sinψ cosφsinθ - sinφcosψ ) - ai3(sinθsinφsinψ  + cosφcosψ )] + [Zc -

ai1sinθ + ai2sinφcosθ + ai3cosθcosφ - Zi](ai2cosφcosθ - ai3cosθsinφ)}} = 0,

where

are the principal moments of inertia for a solid cylinder and

Xi = X coordinate of the base of spring i; X1 = 25 ft, X2 = 25 ft, X3 = -25 ft, X4 = -25 ft

Yi = Y coordinate of the base of spring i; Y1 = 0, Y2 = 0, Y3 = 0, Y4 = 0

Zi = Z coordinate of the base of spring i; Z1 = 15 ft, Z2 = -15 ft, Z3 = 15 ft, Z4 = -15 ft

Ki = 
EA
li

; stiffness of mooring line i

E = Modulus of elasticity of the mooring line material

A = Cross sectional area of the mooring line

mc = mass of the cylinder

wc = net buoyancy of the cylinder

I m Rxx c= 1
2

2 ( )2 18.

I m R m Lyy c c= +1
4

1
12

2 2

I Izz yy=

( . )2 19

( . )2 20
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2.5 Nondimensionalization

In order to simplify the problem and make it easy to consider different dimensions and properties

of the structure, the equations were nondimensionalized.  Lowercase letters are used to represent

some of the nondimensional quantities and tildes are used in others.  The cylinder’s radius, R,

and mass, mc, will be the reference length and reference mass, respectively.  Gravitational

acceleration is defined as g and nondimensional time is denoted as τ.  The nondimensional

quantities used are:

x
X
Rc

c  = ,         y
Y
Rc

c  = ,     z
Z
Rc

c  =         (2.21, 2.22, 2.23)

ψ ψ  = ,          θ θ  = ,       φ φ  =       (2.24,  2.25,  2.26)

k
K R
m gi

i

c

  = ,       ∼l l
Ri

i  = ,           ∼a
a
Rij

ij  =         (2.30, 2.31, 2.32)

∼ω ω  
R
g

=         c 
R

m g
g
Rc

=  C ( )      (2.39, 2.40)

where  F = force applied to the cylinder

t = time

ω = frequency of vibration

i
I

m R
I

m R
I

m Rxx
xx

c
yy

yy

c
zz

zz

c

= = =2 2 2,                     i ,                      i                            (2.27,  2.28,  2.29)

∼ ,w
w
m g

F
m g

t
g
R

c

c c

= = =                          f ,                                                         (2.36,  2.37,  2.38)τ

∼ , ∼ ∼a
a
R

b
b
R

L
L
R

= = =                               ,                                                              (2.33,  2.34,  2.35)
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C = damping coefficient

Therefore, the nondimensional quantities that describe the shape of the breakwater are
∼ ∼ ∼ ∼a  b  2,  r  1,  L  6,  and l  =  4i= = = = .

2.5.1 Nondimensional Equations of Motion

Before nondimensionalizing the EOM’s, the acceleration terms are uncoupled so that each

equation involves the acceleration term for one degree of freedom.  This form of the EOM’s is

required for the FORTRAN program used for analysis, which will be described in Chapter 3.

For Equations 2.7, 2.9. 2.11, and 2.15, this is simply a matter of isolating the acceleration terms

on one side of the equation, setting them equal to the rest of the terms in the equations.

However, the acceleration terms ψ
. .

 and φ
. .

 in Equations 2.13 and 2.17 are coupled; therefore,

these equations are put in matrix form in order to isolate the two terms.  This matrix is shown in

Equation 2.41, where f4 and f6 (for the 4th and 6th EOM’s) represent all of the non-acceleration

associated terms in Equations 2.13 and 2.17, respectively:

[ ]A
ψ
φ

. .

. .
4

6
=  

f
f



















  (2.41a)

where

[ ]A  =  
I   Ixx yysin cos sin

sin

2 2θ θ θ
θ

+ −
−









I
I I

xx

xx xx

(2.41b)

Therefore, to solve for ψ
. .

 and φ
. .

, the inverse of A is found and is shown in Equation 2.43:

[ ] [ ]A B− 1  =   (2.42a)

where

[ ]B  =  

1
I

  I
yy cos

sin
cos

sin
cos

sin cos
cos

2 2

2

2 2

2

θ
θ

θ
θ

θ
θ θ

θ

I

I
I

I I

yy

yy

xx yy

xx yy

+



















(2.42b)

Notice that both A and B are symmetric.  Finally, ψ
. .

 and φ
. .

 become
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[ ]ψ
φ

. .

 .  =   .



















B
f
f

4

6
  (2.43)

or,

ψ
. .

 = B11f4 + B12f6   (2.44)

φ
. .

 = B12f4 + B22f6   (2.45)

The nondimensional forms of the six EOM’s solved for the acceleration terms are:

xc

. .
 = 

i =
∑

 1

4

{-ki[xc + ~ai1 cosθcosψ  + ~ai2 (sinφsinθcosψ  - sinψ cosφ) + ~ai3 (sinθcosφcosψ  +

sinφsinψ ) - xi] + ki
~li {[xc + ~ai1 cosθcosψ  + ~ai2 (sinφsinθcosψ  - sinψ cosφ) +

~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi]2 + [yc + ~ai1 sinψ cosθ + ~ai2 (sinψ sinφsinθ +   (2.46)

cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi]2 + [zc - ~ai1 sinθ + ~ai2 sinφcosθ +

~ai3 cosθcosφ - zi]2}-1/2 [xc + ~ai1 cosθcosψ  + ~ai2 (sinφsinθcosψ  - sinψ cosφ) +

~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi]};

y c

. .
 = ~w  - 

i =
∑

 1

4

{ki[yc + ~ai1 sinψ cosθ + ~ai2 (sinψ sinφsinθ + cosφcosψ ) + ~ai3 (sinθcosφsinψ

- sinφcosψ ) - yi] + ki
~li {[xc + ~ai1 cosθcosψ  + ~ai2 (sinφsinθcosψ  - sinψ cosφ) +

~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi]2 + [yc + ~ai1 sinψ cosθ + ~ai2 (sinψ sinφsinθ +   (2.47)

cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi]2 + [zc - ~ai1 sinθ + ~ai2 sinφcosθ +

~ai3 cosθcosφ - zi]2}-1/2[yc + ~ai1 sinψ cosθ + ~ai2  (sinψ sinφsinθ + cosφcosψ )

+ ~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi]};

zc

. .
 = 

i =
∑

 1

4

{-ki[zc- ~ai1 sinθ + ~ai2 sinφcosθ + ~ai3 cosθcosφ - zi] + ki
~li {[xc+ ~ai1 cosθcosψ  +

~ai2 (sinφsinθcosψ  - sinψ cosφ) + ~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi]2 + [yc+   (2.48)

~ai1 sinψ cosθ + ~ai2 (sinψ sinφsinθ + cosφcosψ ) + ~ai3  (sinθcosφsinψ  - sinφcosψ ) - yi]2 +
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[zc- ~ai1 sinθ + ~ai2 sincosθ + ~ai3 cosθcosφ - zi]2}-1/2 [zc- ~ai1 sinθ + ~ai2 sinφcosθ + ~ai3 cosθcosφ -

zi]};

ψ
. .

 = ~B11
~f4  + ~B12

~f6   (2.49)

θ
. .

 = 
1

iyy

{-ixx( φ
.

ψ
.

cosθ - ψ
.

2cosθsinθ) - iyy ψ
.

2cosθsinθ - 
i =
∑

 1

4

{ki[xc + ~ai1 cosθcosψ  +

~ai2 (sinφsinθcosψ  - sinψ cosφ) + ~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi][- ~ai1 cosψ sinθ +

~ai2 sinφcosθcosψ  + ~ai3 cosθcosφcosψ ] - ki[yc + ~ai1 sinψ cosθ + ~ai2 (sinψ sinφsinθ 

+ cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi][- ~ai1 sinψ sinθ + ~ai2 sinψ sinφcosθ

+ ~ai3 cosθcosφsinψ ] - ki[zc - ~ai1 sinθ + ~ai2 sinφcosθ + ~ai3 cosθcosφ - zi](- ~ai1 cosθ -

~ai2 sinφsinθ - ~ai3 sinθcosφ) + ki
~li {[xc + ~ai1 cosθcosψ  + ~ai2 (sinφsinθcosψ  - sinψ cosφ)

+ ~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi]2 + [yc + ~ai1 sinψ cosθ + ~ai2 (sinψ sinφsinθ +   (2.50)

cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi]2 + [zc - ~ai1 sinθ + ~ai2 sinφcosθ +

~ai3 cosθcosφ - zi]2} -1/2{[xc + ~ai1 cosθcosψ  + ~ai2 (sinφsinθcosψ  - sinψ cosφ) +

~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi][- ~ai1 cosψ sinθ + ~ai2 sinφcosθcosψ  +

~ai3 cosθcosφcosψ ] + [yc + ~ai1 sinψ cosθ + ~ai2  (sinψ sinφsinθ + cosφcosψ ) +

~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi][- ~ai1 sinψ sinθ + ~ai2 sinψ sinφcosθ +

~ai3 cosθcosφsinψ ] + [zc - ~ai1 sinθ + ~ai2 sinφcosθ + ~ai3 cosθcosφ - zi](- ~ai1 cosθ -

~ai2 sinφsinθ - ~ai3 sinθcosφ)}}} = 0;

φ
. .

 = ~B12
~f4  + ~B22

~f6   (2.51)

where

~f4  = ixx( φ
.

θ
.

cosθ - 2 ψ
.

θ
.

sinθcosθ) + iyy(2 ψ
.

θ
.

cosθsinθ) - 
i =
∑

 1

4

{ki[xc + ~ai1 cosθcosψ  +

~ai2 (sinφsinθcosψ  - sinψ cosφ) + ~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi][- ~ai1 cosθsinψ  -

~ai2 (sinφsinθsinψ  + cosψ cosφ) - ~ai3 (sinθcosφsinψ  - sinφcosψ )] - ki[yc + ~ai1 (sinψ cosθ) +
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~ai2 (sinψ sinφsinθ + cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi][ ~ai1 cosθcosψ  +

~ai2 (cosψ sinφsinθ - cosφsinψ ) + ~ai3 (sinθcosφcosψ  + sinφsinψ )] + ki
~li {[xc +   (2.52)

~ai1 cosθcosψ  + ~ai2 (sinφsinθcosψ  -  sinψ cosφ) + ~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi]2 +

[yc + ~ai1 sinψ cosθ + ~ai2 (sinψ sinφsinθ + cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ ) -

yi]2 + [zc - ~ai1 sinθ + ~ai2 sinφcosθ + ~ai3 cosθcosφ - zi]2}-1/2{[xc + ~ai1 cosθcosψ  +

~ai2 (sinφsinθcosψ  - sinψ cosφ) + ~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi][- ~ai1 cosθsinψ  -

~ai2 (sinφsinθsinψ  + cosψ cosφ) - ~ai3 (sinθcosφsinψ  - sinφcosψ )] + [yc + ~ai1 sinψ cosθ +

~ai2 (sinψ sinφsinθ + cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi][ ~ai1 cosθcosψ  +

~ai2 (cosψ sinφsinθ - cosφsinψ ) + ~ai3 (sinθcosφcosψ  + sinφsinψ )]}}

and

~f6  = ixx ψ
.

θ
.
 cosθ + 

i =
∑

 1

4

{ki[xc + ~ai1 cosθcosψ  + ~ai2 (sinφsinθcosψ  -

sinψ cosφ) + ~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi)( ~ai2 (cosφsinθcosψ  + sinψ sinφ)

- ~ai3 (sinθsinφcosψ  - sinψ cosφ)] + ki[yc + ~ai1 (sinψ cosθ) + ~ai2 (sinψ sinφsinθ +

cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi][ ~ai2 (sinψ cosφsinθ - sinφcosψ ) -

~ai3 (sinθsinφsinψ  + cosφcosψ )] + ki[zc - ~ai1 sinθ + ~ai2 sinφcosθ + ~ai3 cosθcosφ -

zi]( ~ai2 cosφcosθ - ~ai3 cosθsinφ) - ki
~li {[xc + ~ai1 cosθcosψ  + ~ai2 (sinφsinθcosψ  -

sinψ cosφ) + ~ai3 (sinθcosφcosψ  + sinφsinψ ) - xi]2 + [yc + ~ai1 sinψ cosθ +   (2.53)

~ai2 (sinψ sinφsinθ + cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ ) - yi]2 + [zc -

~ai1 sinθ + ~ai2 sinφcosθ + ~ai3 cosθcosφ - zi]2}-1/2{[xc + ~ai1 cosθcosψ  +

~ai2 (sinφsinθcosψ  - sinψ cosφ) + ~ai3 (sinθcosφcosψ  + sinφsinψ ) -

xi][ ~ai2 (cosφsinθcosψ  + sinψ sinφ) - ~ai3 (sinθsinφcosψ  - sinψ cosφ)] + [yc +

~ai1 sinψ cosθ + ~ai2 (sinψ sinφsinθ + cosφcosψ ) + ~ai3 (sinθcosφsinψ  - sinφcosψ )

- yi][ ~ai2 (sinψ cosφsinθ - sinφcosψ ) - ~ai3 (sinθsinφsinψ  + cosφcosψ )] + [zc -

~ai1 sinθ + ~ai2 sinφcosθ + ~ai3 cosθcosφ - zi]( ~ai2 cosφcosθ - ~ai3 cosθsinφ)}}
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2.6 Calculation of Equilibrium Height

The net buoyant force acting upward on the cylinder while in its static equilibrium state causes

the four mooring lines to be in tension.  The equilibrium height of the center of mass of the

cylinder from the ocean floor, y c eq_ , is the only unknown coordinate of the structure and must be

determined.  From Figure 2.1, it can be seen that the nondimensional stretched length of each of

the mooring lines at equilibrium is
∼ ∼ ∼l ao     b   y2

c_eq
2= + +2   (2.54)

and the force in each spring at equilibrium is

( )∼ ∼ ∼N li o  k   li i= −   (2.55)

The vertical equilibrium of the breakwater can now be established as

( )∼
∼ ∼

∼ _w
k l y

l
i o c eq

oi
  

  li=
−

=
∑

1

4

  (2.56)

The relationship between equilibrium height, y c eq_ , and spring stiffness, k, where k = ki is the

same for each mooring line, is shown in Figure 2.6.  This graph shows that the equilibrium

height rapidly drops as k increases for small spring stiffnesses.  For a spring stiffness of 2.79, the

equilibrium height is 3.0.  After this point, the equilibrium height starts to gradually decrease

until it plateaus at around 2.83.  The standard stiffness of the mooring line used for this thesis is

ki = 50, for i = 1, 2, 3, and 4.  This stiffness yields an equilibrium height of y c eq_  = 2.838401 and

an equilibrium stretched length of ∼lo  = 4.007059 for each mooring line.  The strain that results in

the springs at this state is approximately 0.18 %.  In comparison, the strains at 50% of the

breaking strength for some typical mooring line materials are 0.5 % for steel, 1-1.5% for Kevlar,

2-4 % for polyester, 5-17.5 % for dacron, 15 % for polyethylene, 25 % for polypropylene, and

37.5 % for nylon (Skop 1988) and (D’Souza 1993).
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Figure 2.1. Profile View of Breakwater

Figure 2.2. Plan View of Breakwater
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Figure 2.3. End View of Breakwater

Figure 2.4. Isometric View of Breakwater
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Figure 2.5. Breakwater in an Arbitrary State

Figure 2.6.  yc_eq vs. k
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