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THREE-DIMENSIONAL ANALY SIS OF MOORED CYLINDERS
USED ASBREAKWATERS

Timothy Wayne Mays

(ABSTRACT)

For oblique and normal water waves at various frequencies, the use of moored
cylinders as breakwaters is considered numerically using linear three-dimensional
analysis. The breakwater can be used by itself for protection of small structures or asa
series of cylinders to protect a harbor, shoreline, or moored vessel from the destructive
energy associated with incident water waves. The breakwater is completely submerged
below the free surface and is attached to the ocean floor with six symmetrically
configured mooring lines. The cylinder isfilled with air and the mooring lines remain
taut during the structure’s motion. Six degrees of freedom describe the motion of the
breakwater and additional degrees of freedom are introduced as the cables are modeled
with the use of lumped masses connected with springs. The fluid is assumed to be
inviscid and incompressible, so that the velocity field can be written as the gradient of the
velocity potential. A boundary integral method is used to solve the integral equations
that define the external fluid flow. Free vibrations of the cylinder in both air and water
are considered and “dry “ and “wet” natural frequencies are computed. Motions caused
by water waves are studied to establish the effect of certain parameters on the
effectiveness of the breakwater. The transmission coefficient is shown to be somewhat
misleading when compared to plots that show the spatial variation of the wave amplitude.
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CHAPTER 1 INTRODUCTION
1.1 PURPOSE

Thisthesis considers the feasibility of using inflatable, submerged, moored
structures as breakwaters. These structures can be used to protect the shoreline from
erosion, and near-shore and offshore structures from damaging waves caused by severe
storms. They can be used continuously or, when not in use, deflated and out of the way.

Although most existing breakwaters are rigid structures that are fixed to the ocean
floor and project above the water surface, the shift has been towards more temporary,
transportable breakwaters. Inflatable breakwaters have numerous advantages. They are
easy to install, cost-efficient, and can be filled with air, water, or some combination of the
two.

1.2 PROPOSED BREAKWATER

The structural configuration and components of the proposed breakwater are
defined in Chapter 3. Nevertheless, it is necessary to briefly describe the subject of this
thesis here to make the literature review of Chapter 2 more relevant.

Ideally, the structure will be acylindrical breakwater tied to the ocean floor with
six symmetrically attached mooring lines. The structure is completely submerged and it
Is assumed that the structure is under sufficient internal pressure to act asarigid body. It
isfilled with air.



CHAPTER 2 LITERATURE REVIEW

21 FLOATING BREAKWATERS

A floating breakwater is one of several types of structures that can be used for
wave control. Thefirst floating breakwater appeared in 1811 at Plymouth Port in
England. During World War 11, Bombardon floating breakwaters were used along the
Normandy coast (Sawaragi 1995). The structures were designed, tested, and readied for
usein arelatively short period of time. Until a severe storm reached the area, the
breakwaters performed as intended (Naval Facilities 1971). In 1930, Japan placed the
first floating breakwater in Aomori Port to test the structure’s resistance to waves and the
wave dissipation function (Sawaragi 1995).

There are several types of floating breakwaters, which include box, pontoon, mat,
and tethered float. Box-type breakwaters are usually constructed of reinforced concrete.
They generally act as barges, which dissipate energy at the wave surface. Advantages of
this type of breakwater are numerous and include a fifty-year design life, simple
construction, proven performance, and effectiveness under “moderate” wave conditions.
The only major disadvantage of the box-type breakwater is its relatively high cost in
comparison to the other types of floating breakwaters (McCartney 1985).

The pontoon breakwater, which is often referred to as the Alaska or ladder type
(for its ladder-like appearance on the water surface), is smaller, less effective, and
generally less expensive than most types of floating breakwaters. Tests on these
structures caution the designer to avoid certain length-to-width ratios, which could yield a
very inefficient structure.

The Maze, Goodyear, and Wave-Guard tire mat breakwaters have been
constructed and tested. As the name implies, the interlocked tire layout looks like a mat
on the ocean surface. These structures have a relatively low cost, are easily removable
for maintenance, and only require unskilled labor for their construction. On the other
hand, they have a short design life, frequently lose buoyancy due to the loss of air in the
tire crown, and are only effective under mild wave conditions. In addition, litter
entrapment is a major drawback with this type of breakwater (McCartney 1985).

The final type of breakwater, and subject of this thesis, is the tethered (moored)

floating breakwater, which McCartney claims lacks sufficient prototype experience for a



detailed analysis. For reference, McCartney’s paper concludes with costs and designs for
prototype installation of the aforementioned types of breakwaters. This includes the most
effective layout pattern in a bay or basin (McCartney 1985).

The preceding breakwater classifications primarily concern rigid structures.
However, Sawaragi (1995) includes inflatable (flexible) structures and further categorizes
them by their functions, which include wave reflection, wave breaking, friction, jet
mixing, and establishing resonance.

The aim of this section was to familiarize the reader with the numerous portable
devices used as breakwaters. However, the list of structures described in the literature is
quite exhaustive and rather than focus on these structures, it is more beneficial to
examine certain configurations more similar to the submerged, cylindrical breakwater
investigated in this thesis.

2.2 MOORED STRUCTURES USED ASBREAKWATERS

There are several papers dealing with moored structures used for dissipating wave
energy. However, most consider structures that are floating on the surface and are only
partially submerged in water. Also, many of the structures described do not have a
circular cross-section. Nevertheless, given their applicability to the material discussed
herein, two such models are considered in detail.

Frederiksen (1971), Williams, et al. (1997), Harms (1979), Thompson, et al.
(1992), Murakami, et al. (1996), Atzeni, et al. (1996), Williams (1996), Ren, et al.
(1994), Lau, et al. (1990), Triantafyllou, et al. (1994), Isaacson, et al. (1996), Kato, et al.
(1969), Saito, et al. (1996), Murali, et al. (1997), Lipsett, et al. (1991), Nagata, et al.
(1983), Idris, et al. (1996), Vethamony (1995), and Valioulis (1990) deal primarily with
the performance and effectiveness of various moored structures used for wave
attenuation. Other papers that deal with moored structures, but are primarily concerned
with the effect of various mooring systems, include Wilson, et al. (1971), Gottlieb, et al.
(1992), Gottlieb, et al. (1993), Gottlieb, et al. (1997), Chung (1997), Szelangiewicz
(1991), Masuda, et al. (1995), and Headland, et al. (1991).

2.2.1 WILLIAMS AND McDOUGAL BREAKWATER

Williams and McDougal (1996) consider a long, tethered breakwater that has a

rectangular cross section and can be either submerged or surface-piercing (partially



floating). Only surge, heave, and pitch motions of the structure in two dimensions are
considered. Small-scale tests are used to verify the theory and “reasonable” agreement is
found.

The prismatic breakwater is located some distance from the ocean surface. In
addition, the breakwater is attached to the ocean floor by linear springs. The major
assumption made by the authors deals with the structure’s degrees of freedom. Itis
assumed that the structure will respond linearly only in surge, heave, and pitch. The
structure is excited by a series of small amplitude waves.

The main conclusions found in this paper deal with the surge response of the
structure. The lowest transmission coefficient (ratio of incident wave amplitude to wave
amplitude behind the structure), around 0.5, is found when the structure is excited near
the surge natural frequency of the structure. However, this nominal effectiveness is
concluded to only exist for a narrow band of wave periods. As a result, this structure is
deemed effective only if the stiffness of the structure (mooring lines) could be altered
readily for various incident wave frequencies.

2.2.2 YAMAMOTO AND YOSHIDA

Yamamoto and Yoshida (1979) experimentally consider two specific cases and
examine the wave attenuation characteristics of each structure. Neither of the two
structures considered is completely submerged. The first case is a three-circle cylinder
(three different circular cross-sections along its length) with various mooring
configurations. In contrast to the cylindrical structures that will be discussed in the
following section, and the breakwater of this thesis, the longitudinal axis of the cylinder
is in the direction of wave propagation. Springs are used to attach the structure to the
floor. Various mooring line configurations are considered and even cross-mooring is
used in one instance. The second structure is a rectangular cylinder, which is moored to
the floor as well.

For the circular breakwater, the large “sway and roll” motion of the structure
contributes to its effectiveness. Zero transmission coefficients occur at low frequencies.
However, the bandwidth is once again very small. The rectangular breakwater is very
effective at the frequencies corresponding to heave and to combined sway and roll. The

system is effective for waves shorter than five times the length of the breakwater.



2.3 MOORED CYLINDRICAL BREAKWATERS
Severa authors have considered the feasibility of using both rigid and flexible

cylinders as breakwaters and have commented on their eminent wave-dissipating
characteristics. Some studies are concerned with surface-piercing cylinders, while others
deal with breakwaters completely submerged some distance below the ocean surface.
However, most of the research done in these areas is either primarily experimental or
considers two-dimensional motions anaytically for an infinitely long cylinder. Three-
dimensional effects are neglected and only heave, sway, and sometimes surge are
considered as displacement modes. These two assumptions are readily questioned for
obligue seas. In addition, in order to use submerged cylinders as breakwaters, they must
be short enough to be effectively tied to the ocean floor and they must be placed in series
with one another to provide enough protection to agiven area. Nevertheless, the
following papers serve well as an introduction to these breakwaters and manifest the

possihilities such structures bring to the rapidly-growing breakwater industry.
2.3.1 EVANS’ CYLINDER

Using atwo-dimensional analysis, Evans (1979) considers along, submerged,
cylindrical breakwater that is constrained by springs and dampers so that only small
oscillations are possible. Linear water wave theory is used, along with the assumption
that the structure only exhibits heave and sway. Experimental results are included in the
paper, which verify most conclusions.
It is effectively shown that a submerged cylinder can, under a broad bandwidth,
be very efficient in absorbing wave energy. Infact, amaximum efficiency of 100% is
found for an infinitely long cylinder, which corresponds to a transmission coefficient of
zero. The paper also focuses on the fact that the structure is most effective at the “tuning
frequency” (when the wave frequency is equal to a natural frequency of the cylinder in
water).
Although this paper makes various rudimentary assumptions, it still serves well as
a validation for the work included in this thesis. In fact, Section 4.4 deals primarily with

this procedure.



2.3.2 BRISTOL CYLINDER

Davis, et al. (1981) consider amoored horizontal breakwater normal to the
incident waves as an energy-dissipating device. Two-dimensional linear wave theory is
used alongside both two and three-dimensional experimental results. The efficiency of
the cylinder is determined as a function of the wave period for severa clearances (defined
as the distance between the top of the cylinder and the ocean surface). The results show
that the structure is most effective close to the surface. However, the authors openly
admit that the experimental results are only afair validation of theoretical results at best.

24 FLEXIBLE STRUCTURESUSED ASBREAKWATERS

Although this thesis considers the effectiveness of rigid cylinders used as
breskwaters, it is still useful to examine some of the research dealing with flexible
structures. The breakwater described in Section 1.1 isinflatable and out of the way when
not in use. It isassumed that the structure is under enough internal pressure that the
structure’s dominant modes are rigid body displacements. This is discussed in more
detail later.

Lo (1981) considers a horizontal cylinder of infinite length filled with a fluid of
specific gravity 0.9 and completely submerged in water. The cylinder is treated as a
membrane and is pressurized. Heave and sway are considered, along with the flexible
vibration modes. However, no radiation effects due to rigid body motion are included
and the dissertation focuses primarily on the flexibility of the structure.

Kim and Kee (1997) consider oblique waves interacting with a tensioned, vertical
flexible membrane using two-dimensional, linear water wave theory. Both submerged
and surface-piercing buoys are considered. Although the authors consider effective,
practical structures, a two-dimensional analysis is insufficient for such small structures.

Ergin, et al. (1992) provide a very complete examination of the dynamic
characteristics of a flexible cylinder vibrating in water at some finite depth. The
theoretical derivations are made using three-dimensional analysis. The paper manifests
the effect that water plays in natural frequency values and mode shapes.

Dewi (1997) considers the effectiveness of a flexible semi-cylindrical bottom-
mounted breakwater under certain depths of water. The structure is submerged and has a

radius of 4 m and a length of 150 m. The response of the structure is considered for both



normal and oblique waves using athree-dimensional analysis. The results show that this
structure can be effective in dissipating energy and thus in reducing incident wave
intensity. By considering a structure of finite length using three-dimensional analysis, the
author shows clearly the importance that end effects have on wave dissipation for oblique
and normal waves.

Liapis, et al. (1996) examine the effectiveness of aflexible mound acting asa
wave attenuation device. The structure is hemicircular and atwo-dimensional analysisis
used. The results are compared to those obtained by using the same structure modeled as

arigid body and it is found that the flexible membrane is more effective.
25 MOORING SYSTEMS

There are numerous methods used to model mooring lines and their
characteristics. For the breakwater of thisthesis, the mooring lines that are part of the
configuration are modeled as both massless springs and a series of lumped masses
connected by springs. The effects are discussed in Chapters 3 and 4.

Severa papers speak of the effectiveness of cable systems as mooring
components and include Dercksen, et al. (1994), Ansari (1980), Bernitsas, et a. (1995),
Szelangiewicz (1996), and Chaplin, et al. (1992). Studies dealing with modeling mooring
lines with lumped masses include Berteaux (1976), Van Den Boom, et al. (1987),
Driscall, et a. (1996), Thomas, et al. (1994), Huang, et al. (1994), Kato, et al. (1986),
Nakajima (1986), Ansari, et al. (1986), Chen et al. (1986), Nath, et a. (1975),
McLauchlan, et a. (1973), Inoue, et a. (1991), Thresher, et a. (1975), Leonard, et al.
(1981), Nuckolls, et a. (1977), Nakaima, et al. (1982), Van Den Boom (1985), Choo, et
a. (1973), Migliore, et a. (1979), and Takikawa (1995).

26 NEED FOR FURTHER RESEARCH

The previously discussed papers show clearly the possibilities that abound for the
use of moored cylindrical breakwaters for ocean wave control. However, most
experimental results do not replicate numerical calculations. Thisis due primarily to the
assumptions made by most researchers. For atwo-dimensiona analysis to be adequate
for amoored cylindrical breakwater, the structure must be very long so that end effects
are negligible and the structure primarily undergoes heave and sway. In addition, very

little is said about oblique incidence angles, which are commonly encountered by



breakwaters. In this case, end effects are quite important. Finally, the structure should be
small enough so that itsimplementation is feasible. However, more than just one
breakwater is usually required to protect a specific region. In this case they should be
placed side by side where their motions are coupled and they tend to act more like one

long cylinder.



CHAPTER 3 STATIC EQUILIBRIUM AND LUMPED MASSES

3.1 BREAKWATER CONFIGURATION

Given that all motion undertaken by the inflatable breakwater will be considered

relative to its static equilibrium position, this configuration should first be established.

The analysis will aso serve as ameans of determining proper theoretical assumptions

which in turn will help provide efficient design considerations. The structure shown in

Figure 3.1 consists of arigid cylindrical body tied to the ocean floor by six mooring lines
connected symmetrically to the structure. As suggested in Figure 3.1, the two cables

attached to the bottom of the cylinder remain in avertical plane that cuts through the

cylinder’s axis. Also, the other lines remain in the plane established by their independent
cylinder’'s end. More simply put, a top view of the system would seemingly present two
cables perpendicular to the other four, yet collinear with each other. The structure is
considered as if in air with an upward force equal to a net buoyant force acting through
the object’s center of mass.

This leads to the question of how the mooring lines should be modeled. Itis
assumed that for a large net buoyant force as will most definitely result, a discrete system
using a relatively small number of masses will suffice. In fact, it may be proven equally
valid that the lines themselves can be considered massless while not altering the
equilibrium results significantly. This hypothesis can be easily verified by considering
three discrete models. Case A (Section 3.2) assumes the lines are massless and that they
provide a linearly elastic resistance to the structure’s motion. Cases B and C (Sections
3.3 and 3.4, respectively) provide lumped masses along the length of the mooring line.
Finally, a program developed in FORTRAN is used to solve for the equilibrium

configurations of each case, and the results are compared.
3.2 MOORING LINESMODELED ASMASSLESS SPRINGS

Case A assumes that the weight of the mooring lines can be neglected and that the
lines can be modeled by linear springs. This is somewhat counter-intuitive, given that the
shape of lines often used in offshore projects is a catenary (i.e., an anchor line).

However, the large net upward force acting on the structure may prove the assumption’s

validity. On the other hand, it should be noted at this point that even if the assumption is



valid for determining the static equilibrium configuration, the assumption must be
reconsidered for structural motion. The drag forces that act on the mooring lines will
cause the lines to deflect nonlinearly. Nevertheless, the drag force acting on the much
larger cylindrical body, along with the extremely large net buoyant force, could make the
assumption valid for both cases.
Figures 3.2 and 3.3 show the profile and elevation views of the system,
respectively. The cylinder of radius R and length L istied symmetrically to the floor by
six springs. Four of the springs have a stiffness K2, and the other two have a stiffness
K1:. Thelengths a, b, and h along with the angles 3 and y are also shown in Figures 3.2
and 3.3. In all three cases to be considered, when the cylinder’s weight and the buoyancy
are assumed to be inactive, the springs are unstretched and a subscript O is added to some
geometrical quantities (e.g., the bottom of the cylinder has a hgighthse A) to
specify the initial condition.
Under the net buoyant force, the symmetrical tension in the cablemd T,

can be obtained by

T, =k, (Wh* +a2 —h,® +a%) (3.1)

Ty =Kpu(/(h +R)2 +b2 = /(h, +R)? +b?) (3.2)
In addition, the resulting angles of static equilibrium can be found as

tany :2 (3.3)
tanp="*R (3.4)

Now, applying the net buoyancy acting on the structure, w, and summing vertical
forces acing on the cylinder yields
h h+R

W =2T,, ———=+4T,, (3.5)
vh? +a? J(h+R)? +b?
In order to nondimensionalize (3.5), the following terms are introduced:
k.R
A:E’B:R’Hozh_O’Hzﬂ’W :ﬂ'Kij:L (36)
R R R R w w

n
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where the cylinder radius R and a nominal standard weight w;, are used to make the

transformation which resultsin

H
W = 2K, (VH? + A% —\H,  +A?)———
VH? + A?

+ 4K, (J(H+1)? +B? —/(H, +1)> +B?)

(3.7)

H+1

JH+1? +B?

3.3 MOORING LINES MODELED AS SPRINGSWITH ONE
MASS PER CABLE

For Case B, the total mass of each cable is replaced by a point mass at the line’s

midpoint. Figures 3.4 and 3.5 show the structure’s configuration and can be used to
develop the modeling equations. The lengthspab,, by, and L, along with the angles
Y1, Y2, B1, andp,, describe the structural configuration. It should be noted here that in the
equations that follow, capital letters simply denote the variables’ aforementioned
nondimensional counterpart. Since the development of the cable tension was discussed in
the previous section, it will be skipped here.

A summation of vertical forces on the cylinder results in the following equation:
Hi,

\JHlZ2 + A22

H22
\}HZZ2 + B22

where the following variables are unknow,,H,,,A,,B,.

W = 2K12(\/H122 "'Az2 _\/H1202 +A202)
(3.8)

2 2 2 2
+4K22(\/H22 +Bz _\/szo +Bzo )

The masses each provide two new unknowns, but these can be easily determined
using simple force summation. Summing vertical forces acting on mass3\lts in
H12

H11

M11 = Klz(\/lez "'Az2 _\/leoz +A202)
(3.9)

_Kll(\/Hllz +A12 _\/Huo2 +A102)

and likewise for mass M|,

11



H
2 2 2 2
M,, :Kzz(\/sz +B, _\/szo +By") =

sz2 +822 (3.10)
H )
_Kzl(\/H212 +812 _\/H2102 +BlOZ) 221 >
H,,~ +B,
where
M, = mllg"vlzl =Cad (3.11)

wW w

n n

Now, a summation of horizontal forces acting on each of the two masses will

yield two more equilibrium equations, namely,

A
0= Klz(\/H122 +A22 _\/H1202 +A202 )%
\/le +A2

A (3.12)
_K11(\/H112 +A12 _\/H1102 +A102 )ﬁ
u TA
and
B
0= Kzz(\/szz "'Bz2 _\/H2202 "'Bzo2 )—2
'\/H222 +Bzz
(3.13)
B
_K21(\/H212 +Blz _\/H2102 +8102 )—1
‘\/H212 +Blz

for masses M1 and My, respectively.

The final three required equations can be obtained from the defined system
parameters as shown in Figures 3.4 and 3.5:
A +A, =A;
B, +B, =B; (3.19)
H,, +H, +1=H, +H,,
where the subscript T simply denotes the sum of the lengths in the direction considered.

For example, ar would be equal to the sum of the values & and & shown in Figure 3.4.



3.4 MOORING LINESMODELED AS SPRINGSWITH N-1
MASSES PER CABLE
For Case C, where each cable is composed of n-1 masses, the derivation of the

equations required for determining static equilibrium can be seen ssimply as an extension

of Section 3.3. The summation of vertical forces on the cylinder yields

W= 2K1n(\/H1n2 +An2 _\/Hln02 +An02)H—ln
/Hlnz +An2
+4K2n(\/H2n2 +Bn2 _\/H2n02 +Bn02) H2n

\H, 2 +B,*

where the following variables are unknown:H,,H,,, A,,B,, .

(3.15)

Next the equilibrium equations for each mass must be obtained. Therefore, letting
| alternate between 1 and 2 and j vary from 1 to n, the resulting vertical and horizontal
equilibrium equations for mass Mj; can be found as (3.16) and (3.17), respectively:

H.
ij

/Hijz + Ajz

My = Kij(\/Hij2 + A12 _\/Hij02 + Aj02)

y (3.16)
2 2 2 2 i(j-1)
_Ki(i-l)(\/ Hiw + AL _\/ Higo™ + Agao ) = >
- FAL
o:Kqu+Af—wa+Am6——éL——
/Hijz +Aj2
(3.17)

A
2 2 2 2 -1
- K(\/Hi(j—l) + Aj—l - \/Hi(j—l)o + A(j—l)O )

2 2
VHigy” AL

Once again, the final three required equations can be obtained from the defined system
parameters:

n

A=A,

isi =B, (3.18)

1+ ZH” = ZHZi
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35 RESULTS
Thetypical system used to compare the applicability of al three cases consists of

acylinder 30 feet long and 6 feet in diameter tied to the floor using mooring lines made of

Kevlar. The initial height of the cylinder from the floor to the cylinder’'s axis was chosen
to be 10 feet. In additiony @and ki were chosen to be 7 feet and 10 feet, respectively,
putting all cables at an initial angle of°4bith the floor. For cases B and C, the lumped
masses account for the line’s total weight and are spread equally along the length of the
line. In addition, each spring on a line has a stiffness equal to the other springs on that
particular line. Once again, due to the symmetry of the structure, only two different sets
of values of masses and springs are specified under these conditions. The FORTRAN
program used to solve for the equilibrium positions of the system calls the IMSL
subroutine NEQNF which sends back the solutions to the unknowns in the user-provided
equations. By changing the diameter D of the cable and specifying initial conditions as
required, the program can be used for many different conditions. By considering the
typical material properties of both the mooring lines and the cylinder itself, it is easy to
see how the net buoyant force on the structure can exceed 50,000 Ibs. Therefore, for
loads varying from 0 to 225,000 Ibs, the static equilibrium configuration of the system
was obtained. It should be noted that a value of eight was arbitrarily chosen for n,
corresponding to seven masses per cable for Case C. The results show clearly that for the
loads considered, the cable’s mass plays no significant role on the equilibrium height and
the line can be efficiently modeled as a massless spring. Typical values are shown in
Table 3.1.

Table 3.1 - Equilibrium Height (D=0.75 inches, W/W0=150)

Case Number| Equilibrium Height of Cylinder, H

A 2.4601
B 2.4601
C 2.4601

14



As expected, however, the lumped mass model does slightly alter the angle of
each spring segment. This s established using the same data as above and is shown in
Table 3.2.

Table 3.2 - Angles Made with Horizontal by Cables Shown in Figure 3.5

Segment Number, i Angle, (i

46.5121°
46.5129°
46.5137°
46.5144°
46.5152°
46.5160°
46.5168°
46.5176°

0| N| O O | W[ N| B

Indeed, each segment’s angle increases with increasing elevation. Nevertheless,
this minute change is trivial and thus justifies neglecting the weight of the cables for
equilibrium purposes. Once again, it should be pointed out that this conclusion is only
valid for obtaining the equilibrium configuration. Dynamic considerations could prove
this assumption invalid.

The effect of the net buoyant force on the equilibrium height is plotted in Figure
3.6 for three values of cable diameter. The curves are almost linear. If the cable diameter
is decreased, the equilibrium height increases as expected.

Finally, it is warranted that the reliability of the material in question be considered
and limitations be placed on the diameter of the cable and thickness of the cylinder. From
the previously derived equilibrium equations, the force in each cable can be easily
obtained. For W/WO (ratio of net buoyant force to weight of structure in air) equal to 50,
which is close to the expected value, and a cable diameter of one inch, a maximum stress

of 18,690 psi is obtained. This is acceptable for the material in question, Kevlar.

15



Nevertheless, for very small diameter cables or large lightweight cylinders, the maximum

stress in the cables should always be checked for the applicability of Hooke’s Law.
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Figure 3.1 — The Inflatable Breakwater

Figure 3.2 — System Profile (Massless Mooring Lines)
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Figure 3.3 - System Elevation (Massless Mooring Lines)

Figure 3.4 — System Profile (One Mass Per Mooring Line)
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H/HO

Figure 3.5 — System Elevation (One Mass Per Mooring Line)

H/HO vs. W/WO for Various Mooring Line Diameters
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Figure 3.6 - Relationship Between Net Buoyant Force and Equilibrium

Height for Different Cable Diameters
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CHAPTER 4 FREE VIBRATION OF BREAKWATER IN AIR
4.1 INITIAL CONFIGURATION

Before considering the motion of the standard case discussed in Chapter 3, a
general case will be adopted to provide more flexibility in design alterations and to serve
as an introduction to the dynamic characteristics. The general system consists of a
cylindrical breakwater of length L, radius R, thicknesst; along the longitudinal axis, and
end thickness te, along with one mooring line modeled by n-1 masses and n springs.
Figure 4.1 shows the initial or “unstretched springs” configuration of the system. The
XYZ system is fixed in space and is used to trace the motion of the cylinder’s center of
gravity and the point masses making up the mooring line. The xyz system is fixed to the
cylinder with its origin at the cylinder’s center of gravity and thus participates in the
cylinder’'s motion. The vectar,, denotes the initial position of the cylinder’s center of
gravity, while the vector;; o describes the location of mass j for mooring line i. Mass
m; is described by the initial location (%, Yi;o, Zijo) where i and j indicate the line and
mass number, respectively. As shown in Figure 4.1, point A, which corresponds to the
location where the cylinder and mooring line connect, can also be described as the sum of
the two vectors o andAg or (XeotAl, YotA2, Zot+A3) where vectoA consists of the
I,J, andK components Al, A2, and A3, respectively. This will be discussed further in

Section 4.3 where a specific correlation between these vectors will be derived.
4.2 GENERAL CONFIGURATION

Figure 4.2 portrays the general configuration of the system using the same axes
described in Section 4.1 where the subscript 0 has been removed from the coordinates to
represent a new configuration. Thus, a description of the elements of Figure 4.2 will not
be provided here.

4.3 CYLINDER ROTATION (EULER ANGLEYS)

It has been previously established that the XYZ and xyz axes can be used
simultaneously to locate any point on the moving structure. Nevertheless, since the xyz
system is allowed to rotate and translate with the cylinder, the orientation of this system
must first be established. Hence, to trace the rotational motion of the body and likewise

any point on the body other than the center of gravity, the Euler apgdesndg will be
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used. It isimportant to note here that the rotations will be performed independently and
awaysin the order stated above. Should the rotations be performed inconsistently, the
results would be misleading if not entirely invalid. Therefore, the six variables X¢, Y,
Zc, Y, 6, and @ will be used to trace the body’s motion.
Let the axes gyozo represent the initial or “unstretched springs” orientation of the
xyz system. Now, consider the three successive rotations shown in Figure 4.3 as (A), (B),
and (C) which result in the final xyz orientation @fszs. From (A) the transformation
from XoyoZo t0 X1y12Z; (@ rotation of angle) about the gaxis) yields

X, =XgCosY +y,siny

Y, =Y,CosP—X,siny (4.2)
z,=2,

or,

[X,0 Ocosy siny OX,0 X, O

o o o .. a_ O O

Ly, = D_ sin L|J Ccos L|J 0 o= [Rl(lIJ)]D/o L (4-2)

0 B0 0 1fzQ o0

where R({) denotes the first rotational matrix. Similarly, the second rotaficathout
the y axis, provides
X, =X,C080-2z,sin6

Y=Y (4.3)
z,=2,€C0s0+Xx,SIin0

or,
%)(2% [cos® O —sinGDDXlE %)(1%
0
v,0=q0 1 0 0=R,®]y.0 (4.4)

BZZH Fsin6 0 cos6 lH le

and the final rotatiop about the xaxis gives

X5 =X,

Y, =Y,C0SQ+Z,Sing (4.5)
z,=2,C0SQ-Y,SinQ

or,
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g o ogun
V0= cosg sinw%mﬂ&(@]mm (4.6)
2. B -sing coseHp,H .4

The complete transformation from Xoyozo to X3yszz is simply

N 78 - A°H
v,0=[R:JR.JR.Jv. 0= Rlv, O (4.7)
3 0 0

or in expanded form,

X, O
0°0
V0=

731

O cosOcosy sinycosH -sin® [x,O
%in @sinBcos P —sinPcos@ sinPsin@sin®+cos@cosy singpcosO %O E
$inBcos@cosy +sin@siny  sinBcos@siny —singcosP cosBcos P, H
As aresult, any point on the cylinder can be written as afunction of the three
aforementioned Euler angles alone using the original xyz system position. Hence, point
A with coordinates ay, &, ag in the xyz system can now be expressed mathematically as a
function of the variables Xc, Y, Zc, Y, 6, and @ by smply adding the motion of the
center of gravity of the cylinder to the transformed position of point A. However, this
assumes that the initial configuration of the system is known and can be expressed using
vectors. Thisisfinefor our purpose, where the equilibrium or unstretched position of the
springs causes the xyz axesto be parallel to the XY Z system. The vector relationship

should now be written as

aigs
=T +[RI' 3,0 (4.9)

30

Since the rotation matrices have been previously defined, r o can be written in terms of the

six unknowns;
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r, =[X, +a,(cosBcosy) +a,(singsinBcos Y —sin Y cos )
+a,(sinBcos@cos Y + sin@sin tp)]f +[Y, +a,(sinycosb) ) (4.10)
+a,(sinPsin@sinB + cos @cos Y) +a,(sinBcos @sin P - sin@cos Y)]J
+[Z, +a,(—sinB) +a,(singcosB) +a,(cosBcos (p)]R
44 ANGULARVELOCITIES

To begin, it should first be assumed that the angular velocity of the cylinder can
be written as
Q =Pi, +Qj, +RK, (4.11)
where P, Q, and R are simply functions of the Euler anglesand i3, j3, and k3 are unit
vectors along the Xz, 3, and z3 axes, respectively. (Similar notations will be used for the
X2Yy2Z, and X1Yy1Z; Systems). Remembering the order of the rotations, the angular
velocities can be written relative to the previous transformation. In other words, the

angular velocity of X3yszs relative to Xpy»z, is

~

Qx3y323/x2y222 = (pl3 (412)
Similarly, the other angular velocities can be written as:

QXzYzzz %X1y12; = e]Z (413)
Q X1Y121/ X0Y0Zo = wk\l (414)

Now, the angular velocities should be expressed in terms of the final position of
the xyz system. This can be done by transforming the angular velocities utilizing the
previously determined rotation matrices. Letting j,=ais+bjs+cks, one can see that the

unknowns a, b, and ¢ can be obtained from

00 a0
R, JH0= b (4.15)
HH BH

which resultsin

fadd 0O 0 O
E)E: Ecoscp% (4.16)

H H-singt]

Likewise, letting k,=dis+e€ 3+fk3 yields
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O ™o
R.JR. b= re (417)

which resultsin

MO O -sin® 0O
Ee%z Esin cpcoseg (4.18)

Hf H B:os 6cos (pH

So the resulting angular velocity is
Q = (- Ysind)i, + (dcosp+ P singcosh) j, + (P cosbcosp— Osing)k, (4.19)
or in matrix form

0@ o -sin® o0

%% %) Cos @ smcpcose%E (4.20)

%235 H) -sing cosBcos

Derivations similar to those of Sections 4.3 and 4.4 are considered by Clayton, et al.
(1982) and Chakrabarti (1990).
4.5 MOORING LINE ENERGY

For the mooring line shown in Figures 4.1 and 4.2 made up of n-1 masses, the
kinetic energy of theline, T;, is described by

-1 nzl(m”)(xz Y2+ 72) (4.21)

The potentia energy of theline, Vi, isfound as

Vi = Z (‘Il 11—1‘_|) _ZWIJ i

n 1
= ZEKj{(Xi’j - xi,j—1)2 + (Yi,j - Yi,j—1)2 + (Zi,j _Zi,j—l)z + |j2 (4-22)
]:

- 2|J [(XIJ - )(i,j—l)2 + (Yi,j |]—1) (Z|] - ZI] 1) ] } Z WIJ i,j

where w; ; represents the nominal net buoyant force on mass m;; and I; is the length of
spring j. It should be recalled that vector r; , can be written as the sum of the vectorsr.

and A. ThusV; can aso be written as
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n-1 1
Vi = ZEKj{(xi’j _xi,j—1)2 +(Yi,j _Yi,j—1)2 +(Zi,j _Zi,j—1)2 +|j2
]:

_le[(xi,j _xi,j—1)2 +(Yi,j =Yy 1)2 +(Zi,j _Zi,j—l)z];}

I~
+ %Kn {[X, +a,(cosBcosy) +a,(sinpsinBcos Y — sin cos ¢)

+a,(sinBcos@cosy +sin@siny) - Xi’n_l]2 +[Y,. +a,(sinycos)

+a, (sinysin@sinB + cos ecos Y) + a, (sin8cos @sin Y — sin @cos Y)
~Y,al? +[Z, +a,(-sin6) +a,(singcos 6) +a,(cosBcos@) - Z,, 1> +I3
=21 {[X. +a,(cosBcosy) +a,(singsinBcos P - sinPcos @)
+a,(sinBcos@cosy +sinpsiny) - Xi,n—1]2 +[Y, +a,(sinycos)

+a, (sinysin@sinB + cos ecos Y) + a, (sinBcos @sin Y — sin @cos Y)
1
~Y,al? +[Z, +a,(~sin6) +a,(sinpcosB) +a,(cosbcos @) - Z,,,1°}?}

n-1
- Z w,, Y,
= (4.23)

46 ENERGY OF THE CYLINDER
The potential energy, V., of the cylinder can be found as

V, =-w,Y, (4.24)

where w, denotes the net buoyant force on the cylinder.

The kinetic energy of the cylinder is more complicated asit involves not only
trangdation but rotation aswell. The xyz axes are the principa axes of inertia of the
cylinder, with the corresponding principal moments of inertialyx, lyy, and |, respectively.

Thus the kinetic energy, T, of the cylinder isfound as

T, = [ (X2 + Y2 +22)+1, (9= sing)® +1,,(8cos g+ Psingeos©)’

(4.25)
+1_(WcosBcos - 0sin@)?]
where Iy, lyy, and |, are al found with reference to Figure 4.4 as
| =imRr?-1m (R-1,) (4.26)
2 2
V- L SV 2, 1 2
ly =l =2 MoR® +E ML —[ZMl(R—tL) +EM1(L—2te) ] (4.27)
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where M is the mass of asolid cylinder of radius R and length L, and M, is the mass of a

solid cylinder of radius R-t; and length L-2t,, i.e.,

M, = TR’Lp, (4.28)
and
M, = (R -t )" (L -2t )p, (4.29)

where the density, pc, of the cylinder is known.
4.7 LAGRANGE’'S EQUATIONS
Given the complexity of equations (4.21) through (4.25) along with the variations

in point masses along the mooring line, the Lagrangian, L;, for the mooring line will be

found independently from the Lagrangian, L, of the cylinder. However, a summation of

these and the development of Lagrange’s equations will conclude this section.
Referencing Meirovitch (1986), for any system, the Lagrangian can be found by

L=T-V (4.30)

where T and V are the kinetic and potential energies of the system, respectively. Now,

for a conservative system defined by n degrees of freedom, Lagrange’s Equations are

found directly from

EHG—LH—G—L =0 j=123,...,N (4.31)

dt pQ, H 9Q;

where each (epresents an independent variable. However, for the case of the inflatable
breakwater,

L=L, +L, (4.32)

and

dHoLi H oL, dipL.H oL, 0 -
— = — t— == — = =123,...,N 4.33
(o, [} 0 " po, o, ‘ 3

where N degrees of freedom define the system, which includes both the structure and the

mooring lines (lumped masses).

For mooring line i made of n-1 masses, the Lagrangiacah be written as
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n-1 n-1
L _T V _EZ(mu)(XZ +Y2+Z|]) ZEK {(le_xul)
+(Yi,j _Yi,j—l) +(Zi,j _Zi,j—l) +|j2

1

_le[(xi,j _xi,j—1)2 +(Yi,j _Yi,j—1)2 +(Zi,j _Zi,j—l)z]g}

—%Kn {[X, +a,(cosBcosy) +a,(sin@sinBcos Y — sin Y cos @)

+a,(sinBcos@cos Y +sin@siny) - Xm_l]2 +[Y,. +a,(sinycos9)
+a, (sinysin@sinB + cos @cos Y) + a, (sinBcos @sin Y — sin @cos P)
= Y,al? +[Z, +a,(-sin6) +a,(singcos 6) +a,(cosBcos @) - Z,, ;]
+12 =21 {[X_ +a,(cosBcos ) +a,(sin@sinBcos P — sin cos @)
+a,(sinBcos@cos Y +sin@siny) - Xi’n_l]2 +[Y,. +a,(sinycos9)

+a,(sinysin@sin B + cos pcos Y) + a, (sinBcos @sin Y — sin @cos P)
1

-Y,,.1? +[Z, +a,(-sin8) +a,(singcos B) +a,(cosBcos @) - Z,,,_,1°}2}
ZW'J ! (4.34)

For each mooring line mass, it can be shown that the accompanying Lagrange’s equations
only involve L (i.e., X, Yij;, and Z; will not be associated with the energy equations
developed for the cylinder).

Hence, Lagrange’s equations are obtained directly froior leach of the point

Masses I as

afoL o _
&ox 0 o, - (4.35)

or,

mi,jxi,j +Kj(xi,j - xi,j—l) _Kjlj[(xi,j - xi,j—l)z +(Yi,j _Yi,j—1)2
_1
+ (Zi,j - Zi,j—l)z] 2 (xi,j - xi,j—l) - Kj+1(xi,j+1 - xi,j) + (4-36)
1

Kj+1|j+1[(xi,j+1 IJ) (Y| j+1 Yi,j )2 + (Zi,j+1 ZI ]) ] 2 (XI L+l Xi,j) = O’

afefl o
p EBY” F (4.37)

or,
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+K; (Y Yi,j—l)_Kjl [(X _XIJ 1) +(Y Yi,j—l)2

1

IJ 'l

T
+ (Zi,j - Zi,j—l) ] 2 (YIJ YI] 1) KJ+1(Y J+1 |]) + . (438)
Kj+1|j+l[(xi,j+l - Xi,j )2 + (Yi,j+1 - Yi,j )2 + (Zi,j+l ZI ]) ] (YI ]+l IJ)

-W,;; = 0

and

dEHLE_L =0 (4.39)

m, 2, +K,(Z,, -

L0 ]

Zi,j—l)_Kjl [(X _Xu—l) +(Y Yi,j—l)2
+(Zi,j _Zi,j—l)z]_;(z _Z|]—1) K]+1(Z ]+1 )+ (440)

1

|]+1_Z|]) ] (Z|]+1 ,j):O

from j=1 to n-2 making up mooring linei.

i

Kj+1|j+1[(xi,j+l B Xi,j )2 + (Yi,j+1 - Y ) + (Z

However, for mass n-1, equation (4.23) leads to the equations
rni,n—lj-(i,n—l + Kn—1(xi,n—l - Xi,n—z) - Kn—lln—l[(xi,n—l - Xi,n—2 )2

+(Yina = Yin2)* +(Z s ~ Zisy )2]_%(X,n-1 = Xin2) ~K,[X, +a,(cosBcos )
+a,(singsinBcos P —sinPcos @) +a,(sinBcos gcos P + sin @sinYP)

Xinal +K L {[X, +a,(cosBcosy) +a,(singsinBcos Y - siny cos @)
+a,(sinBcos@cos Y +sin@siny) - Xi’n_l]2 +[Y,. +a,(sinycos0) (4.42)
+a,(sinPsin@sinB + cos pcos Y) + a, (sinBcos @sin Y — sin@cos Y) - Yi’n_l]2

1
+[Z, +a,(-sinB) +a,(sinpcosB) +a,(cosbcos Q) - Z;,,1°} ?[X,

+a,(cosBcosy) +a,(sin@sinBcos Y — sinP cos @)
+a,(sinBcos@cosy +singsiny) - X, ,]=0;
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mi,n—lY + Kn—1(Y',n—l - Yi,n—z) - I'<n—1|n—1 [(Xi,n—l - Xi,n—2 )2 + (Yi,n—l - Yi,n—2 )2

in-1 i

1

+(Zp = Zin2)’1 2 (Yo = Vi) =K, [Y, +2,(sinWcos )

+a,(sinysin@sinB + cos @cos Y) + a, (sinBcos esin Y — sin @cos Y)

=Y.l K {[X, +a,(cosBcosy) +a,(sin@sinBcos Y - siny cos )
+a,(sinBcos@cos Y + singsiny) - Xi,n—1]2 +[Y, +a,(sinycosB) (4.42)

+a, (sinysin@sin 6 + cos pcos P) +a, (sinBcos psin P - singcos ) - Y;,,,1°
L
+[Z, +a,(-sinB) +a,(sinpcosB) +a,(cosBcos @) - Z,,, 1°} 2[Y.

+a,(sinPcosB) +a,(sinysin@sin® + cos cos Y) + a,(sinBcos gsin Y
-singcos )~ Y, ] -w;,, =0
and

m; Zi,n—l + Kn—l(Zi,n—l - Zi,n—2) - Kn—lln—l[(xi,n—l - Xi,n—2 )2 + (Yi,n—l - Yi,n—2 )2

i,n-1

(2,0~ Zihs )2]_% (Z,.-2Z,,,)—K,[Z, +a,(-sinB) +a,(sinpcos 6)
+a,(cosbeos) -Z,, ] +K I {[X, +a,(cosBcos ) +a,(sin@sinBcos Y
—sinYcos @) +a,(sinBcos @cos Y + sin@siny) - Xi,n-1]2 +[Y, (4.43)
+a,(sinycosB) +a,(sinysin@sinB + cos pcos YP) + a,(sinBcos gsiny

—-sin@cos ) - Ym_l]2 +[Z. +a,(—sinB) +a,(sin@cos B) + a,(cos Bcos @)

1
-Z,,.1%} ?[Z, +a,(-sinB) +a,(sinpcosB) +a,(cosbcos @) - Z,,,] =0

For the rest of the variables, the Lagrangians for both the cylinder, L., and the
mooring line, L;, contribute to the general equation
dppLg oL (4.44)
dt QO 9Q
where Q denotes any of the unknowns X, Y, Z, U,6, or ¢.

The parts of Lagrange’s equations (33) involvingie found as

apoti g ot (4.45)
dt [pX, o 0X.
or,
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K,[X,. +a,(cosBcosy) +a,(singsinBcos Y — siny cos @)
+a,(sinBcos@cosy +singsiny) - X, ,] K | {[X, +a,(cosBcos )
+a,(sin@sin@cos Y —siny cos @)

+a,(sinBcos@cos Y + sin@siny) - xi,n—l]2 +[Y, +a,(sinycos0)
+a,(sinysin@sinB + cos pcos W) + a, (sinBcos esinY — sinecos Y) — Ym_l]2 (4.46)
+[Z, +a,(-sinB) +a,(singcosB) +a,(cosBcos ) - Zi’n_l]z}_% [X.

+a,(cosBcosy) +a,(singsinBcos Y — siny cos ¢)
+a,(sinBcos@cos Y +singsiny) - X; . ];

d HoL, H oL,
o v H— 3. (4.47)
or,

K,[Y. +a,(sinycosB) +a,(sinysin@sinB + cos pcos V)

+a,(sinBcos@siny —singcosyP) - Y, ] -K I {[X, +a,(cosBcos )
+a,(singsinBcos P —sinPcos @)

+a,(sinBcos@cos Y +sin@siny) - Xi’n_l]2 +[Y,. +a,(sinycos9)
+a,(sinysin@sinB + cos pcos Y) + a, (sinBcos @sin Y — sin@cos P) (4.48)

1
~ Y, ] +[Z, +a,(-sin®) +a,(sinpcos ) + a, (cosBeos §) - Z,, ,1°} 2[Y,

+a,(sinycosB) +a,(sinysin@sinB + cos pcos Y) + a, (sinBcos gsin Y
—singcos ) - Y, ];

dpoti g oL (4.49)
dt pZ . H 0Z.
or

K.[Z, +a,(-sinB) +a,(sinpcosB) +a;(cosbcos®) - Z,,,] -K I {[X,
+a,(cosBcos ) +a,(sin@sinBcos P — sin P cos )

+a,(sinBcos@cos Y +sin@siny) - Xi’n_l]2 +[Y,. +a,(sinycos9)
+a,(sinysin@sinB + cos pcos Y) + a, (sinBcos @sin Y — sin @cos P) (4.50)

=Y, .1 +[Z, +a,(-sinB) +a,(sinpcos B) +a, (cos Bcos )
_t
- Zi’n_l]z} 2[z, +a,(-sinB) +a,(sinpcosB) +a,(cosBcos Q) - Z, ],

E%%‘l (4.51)
dtPaw P aw
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or,

K, [X,. +a,(cosBcosy) +a,(singsinBcos Y —sin Y cos @)
+a,(sinBcos@cos Y +singsiny) - X, ][-a, cosOsiny

—a,(sin@sinBsiny +cosPcos @) —a,(sindcos @sinP —sinpcos P)] +K [,
+a,(sinycosB) +a,(sinysin@sind + cos pcos Y) + a,(sinBcos gsin Y
—singcosY) - Y, ,][a, cosBcos P +a,(cosPsin@sinB —cos @sin )
+a,(sinBcos@cos Y +sinesiny)] -K | {[X. +a,(cosBcosy) +
a,(sin@sinBcos Y - sinycos )

+a,(sinBcos@cos Y +sin@siny) - Xi’n_l]2 +[Y,. +a,(sinycos9)

+a,(sinysin@sinB + cos pcos Y) + a, (sinBcos @sin Y — sin@cos P)

= Y,al? +[Z, +a,(-sin6) +a,(singcos ) +a,(cosBcos @) - Zi’n_l]z}_; X,
+a,(cosBcos ) +a,(sin@sinBcos P — siny cos )

+a,(sinBcos@cos Y +sin@siny) - X, ][-a, cosBsiny

—a,(sin@sinBsiny + cos Y cos @) —a,(sindcos @sin P — sin ecos Y)]

+[Y, +a,(singcosB) +a,(sinPsin@sinB + cos pcos )

+a,(sinBcossiny —singcosy) - Y, _,][a, cosBcosy (4.52)
+a,(cosyPsin@sinB — cos @siny) + a,(sin@cos gcos Y + sin@sin P)l};
dppLig oL (4.53)
dtgoe o 96

or,
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K,[X,. +a,(cosBcosy) +a,(singsinBcos Y — sin Y cos @)
+a,(sinBcos@cos Y +sin@siny) - X, ,][-a, cosPsind
+a,(sinpcosBcos ) +a,(cosBcospcosP)] + K, [Y, +a,(sinycosB)
+a,(sinysin@sinB + cos pcos YP) + a, (sinBcos @sin Y — sin@cos YP)

=Y. .l[-a,sinysinB +a, sinPsingcos 6 + a,(cosBcos @sin )]

+K [Z. +a,(-sinB) +a,(sinpcos6) +a,(cosBcosg) -Z;, ,](-a, cosO
—-a, singsinB—a, sinbcos @) —K,_| {[X. +a,(cosBcosy) +
a,(sin@sinBcos Y — siny cos )

+a,(sinBcos@cos Y +sinpsiny) - Xm_l]2 +[Y,. +a,(sinycos0)

+a, (sinysin@sin B + cos @cos Y) + a, (sinBcos @sin Y — sin @cos P)

- Yi,n—1]2 +[Z. +a,(—sinB) +a,(singcos B) + a,(cos B cos @)

1
-Z,..1°} 2{[X, +a,(cosBcos ) +a,(singsinBcos Y - sin P cos @)

+a,(sinBcos@cos Y +singsiny) - X, ,][-a, cosPsind

+a,(sinpcosBcos ) +a,(cosBcos@cosY)] +[Y, +a,(sinycos0)
+a,(sinysin@sinB + cos pcos Y) + a, (sinBcos @sin Y — sin@cos P)

- Y,,.l[-a,sinysinB +a, sinysin@cos 6 + a, (cos Bcos @sin )] (4.54)
+[Z, +a,(-sinB) +a,(sinpcos6) +a,(cosbcosy) - Z;, ,](-a, cosO

—a, sin@sin® —a, sin6cos g)};

and

apptig ok (4.55)
dtjop | 99

or
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K,[X,. +a,(cosBcosy) +a,(singsinBcos P — sin Y cos ¢)
+a,(sinBcos@cosy +singsiny) - X, ,][a,(cos @sinBcos Y
+sinysing) +a,;(-sin@singcos )] + K, [Y, +a,(sinpcosH)
+a,(sinysin@sinB + cos pcos Y) + a, (sinBcos gsiny
—singcos ) - Y, ,][a,(sinyPcos @sinb - sin@cos )
—a,(sinBsin@siny +cos@cosY)] +K [Z. +a,(—sinB)
+a,(sinpcos0) +a,(cosbcos@) - Z;, ,][a, cospcos O
—a,cosOsing -K, I {[X, +a,(cosBcosy) +a,(sinpsinBcos Y
—sinycos @) +a,(sinBcospcosyY +sin@siny) — Xi,n—l]2 +[Y,
+a,(sinycosB) +a,(sinysin@sind + cos ecos Y)
+a,(sinBcos @siny —sin@cos Y) - Yi,n—1]2 +[Z, +a,(—sinB)

1
+a,(singcosB) +a,(cosbcos @) - Zi’n_l]z} 2{[X,

+a,(cosBcosy) +a,(sin@sinBcos P — sinP cos )

+a,(sinBcos@cosy +sin@siny) - X, ,][a,(cos @sinBcos Y + siny sin @)
+a,(—sinBsingcosy)] +[Y, +a,(sinycosb)

+a,(sinysin@sinB + cos pcos Y) + a, (sinBcos gsin Y (4.56)
—singcos ) - Y, ][a,(sinPcos @sinB - sin@pcos P) —a, (sinBsin@sin Y
+cos@cosy)] +[Z, +a,(—sinB) +a,(singpcos 6)

+a,(cosbecos@) -Z,, ,][a, cospcosO —-a, cosOsing]}

For the cylinder, the Lagrangian, L., can be written as

1 : . . . , .
Lo =T, =V, =§[mc(X§ XS +Z0) +, (9= Wsin)” +1,, (Bcos ¢

(4.57)

+sin@cos8)? +1_ (WcosBcos - Bsing)’]+w_ Y,
from which the following parts of the Lagrange’s equations are obtained:

L L
d <= oL, (4.58)
dt X, oX ¢
or,
m.X.; (4.59)

L L
d == oL (4.60)
dt oy, oY ¢
or,
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m.Y, -w,_; (4.61)

dpptep ot (4.62)
dtpz_H 0z .
or,

(4.63)

mCZC;

d |_c%a|_c (4.64)
dtgaw o '
or,

—1_[@dcosB + @sinB - 2yBsinBcos B - P sin? 0]
+1,, [Bcos (-Osin @sin B + pcos Bcos @) + sin pcos B(-gBsin @

+08cos @) + Psin? gcos? 0 + P(-206sin? pcos Bsin O (4.65)
+ 2@sin @cos @cos® 8)] + 1, [W(-2@cos @sin gcos” O
—26cos0sinBcos? @) + Jycos? Bcos? @+ (Bsin @)(pcos Bsin @
+ 0 cos @sin B) — cos Bcos @A cos @+ Bsin P)];

J o

dtr 06 © 08

(4.66)

or,
l,, [(=2@Bcos gsin @+ Bcos? 6 — Y sin g(@cos Bsin @+ O.cos Psin )

+cos Bcos (Pecos @+ Psin@)] -1, [W cos B(pcos? - @sin? @)

+ cos @sin () cos 8 — By sin B) — 2¢d cos @sin @— Bsin? O] (4.67)
~[lo (@ YsinB)(-Pcos B) +1,,, (Bcos @+ Y sin pcos B)(—y sin @sin 6)

+1_, (W cos Bcos @ - Bsin @)(-W cos @sin B)];

and

d L.° oL (4.68)
dt 7o (610

or

| (@— WBcos 6 - Psin®) —[I,, (Bcos @+ Y sin pcos B)(Y cos Bcos @ - Osin ) (469)
—1_,(y cos Bcos @— Bsin@) (P cos Bsin @+ Bcos )] '

Hence, the resulting Lagrange’s equations include



dHaL [0 oL
X

— A= 02 =0 4.70
dt FpX (470

or,

m, XC +K, [X,. +a,(cosBcosy) +a,(sin@sinBcos Y — siny cos @)
+a,(sinBcos@cos Y +singsiny) - X, ] -K I {[X, +a,(cosBcos )
+a,(singsinBcos Y —sinPcos @)

+a,(sinBcos@cos Y +sin@siny) - xi,n—l]2 +[Y,. +a,(sinycos)

+a, (sinysin@sinB + cos ecos Y) + a, (sinBcos @sin Y — sin @cos Y) (4.71)

= Y,al? +[Z, +a,(-sin6) +a,(singcos B) + a, (cos Bcos @)
1

- Zi’n_l]z}_E [X. +a,(cosBcosy) +a,(sinpsinBcos Y — siny cos @)
+a,(sinBcos@cosy +singsiny) - X, ,]=0;

dpot s ot g (4.72)
dt Y, 0 av.

or,

mc\?C -w_ +K,[Y,. +a,(sinycosB) +a,(sinPsin@sinB + cos gcos )
+a,(sinBcos@siny —singcosy) - Y, , ] K I {[X, +a,(cosbcos )
+a,(singsinBcos Y —sin Y cos @)

+a,(sinBcos@cos P +sinpsiny) - Xm_l]2 +[Y, +a,(sinycos0)
+a,(sinysin@sinB + cos pcos YP) + a, (sinBcos @siny — sin @cos P) (4.73)

A
~Y,al? +[Z, +a,(-sin6) +a,(singcos ) +a,(cosOcos @) - Z,,,1*} 2[Y,
+a,(sinycosB)+a,(sinPsingsinB + cos pcos YP) + a,(sinBcos gsin Y
—-singcosyY) - Y, ,]1=0;

dpot g ok _ (4.74)
ditoz H 9z
or,
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m.Z. +K_[Z, +a,(—sinB) +a,(sinpcos B) + a, (cos Ocos ¢)
- 7,41 K I {[X, +a,(cosBcosy) +a,(singsinBcos Y - sin Y cos @)
+a,(sinBcos@cos Y +sinpsiny) - Xm_l]2 +[Y,. +a,(sinycos9)

+a, (sinysin@sin® + cos pcos ) + a, (sinBcos @sin Y — sin@cos Y) (4.75)

1
= Y,a)? +[Z, +a,(-sin6) +a,(sinpcos ) +a,(cosBcos @) - Z,,,1*} ?[Z,

+a,(-sinB) +a,(singpcosB) +a,(cosbcosp) -Z,, ,] =0;

EE‘LL%"_L:O, (4.76)
dtBwE oy
or

~ I, [g9cos 6 + psin® - 2yOsinBcos 6 — P sin® 6] +1,, [0cos ¢-Osin @sin B

+ (pcos 0cos @) + sin Pcos B(—@dsin @+ O cos @) +  sin? pcos? O

+(-20sin? @cos Bsin B + 2¢sin @cos gcos’ 8)] +1_, [P(-2¢pcos @sin pcos? O
- 20cos0sinBcos? @) + P cos? Bcos? @+ (Bsin@)(pcos Osin@+ Bcos @sin B)
—cosBcos e@Icos @+ Bsin@)] +K, [X, +a,(cosBcos ) +a,(sin@sinBcos P
—sinycos @) +a,(sinBcos@cos Y +sin@sinyP) - X, ,J[-a, cosBsiny
—a,(sin@sinBsiny + cos P cos @) —a,(sindcos @sin P — sinpcos Y)]

+K, [Y,. +a,(sincosB) +a,(sinPsin@sinB + cos gcos P) + a, (sinBcos gsinYP
—singcos ) - Y, ,][a, cosBcosy +a,(cos Psin@sinB —cos @sin )
+a,(sinBcos@cos Y +singsiny)] -K | {[X. +a,(cosBcosy) +
a,(sin@sinBcos Y — sinycos )

+a,(sinBcos@cos Y +sin@siny) - Xi’n_l]2 +[Y,. +a,(sinycos9)
+a,(sinysin@sin B + cos pcos Y) + a, (sinBcos @sin P —sinpcos Y) — Yi,n—1]2

L
+[Z, +a,(-sinB) +a,(sinpcosB) +a,(cosbcos ) - Z,,,1°} 2{[X,

+a,(cosBcos ) +a,(sin@sinBcos P — sin P cos )

+a,(sinBcos@cos Y +sin@sinyP) - X, ,][-a, cosOBsiny —a, (sin@sinBsiny
+cosycos@) —a,(sinbcos @sinyP —singcos Y)] +[Y, +a,(sinycos )
+a,(sinysin@sinB + cos pcos Y) + a, (sinBcos gsiny

—singcosY) - Y, ,][a, cosBcosy +a,(cos Psin@sinB —cos @sin )
+a,(sinBcos@cos Y +sinesinY)]} =0;

(4.77)
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| oY)

L

dapLp
dt[ o0

or,

5 =0 (4.78)

D

l,,[=2¢B cos @sin @+ Bcos? 6 - Y sin @(pcos Bsin @+ Bcos sin 6)

+cos Bcos (ecos @+ Psin@)] -1, [W cos B(pcos? - @sin? @)

+cos @sin @) cos B — BY sinB) - 2gdcos psin@-Bsin” 8] -1 (¢
—ysinB)(-PcosB) +1,, (6cos @+ Y sin@cos B)(—y sin @sin B) + l,,(pcosBcos
- Bsin@)(-Pcos @sin®)] +K, [X, +a,(cosBcos ) +a,(sin @sinBcos Y
—sinycos @) +a,(sinbcos@cosy +sin@siny) - X, ]J[-a, cosPsin6
+a,(sinpcosBcos ) +a,(cosBcos@cosW)] + K [Y,. +a,(singcosB)
+a,(sinPsin@sin® + cos @cos P) +a, (sinBcos@siny —singpcosP) - Y, ]
[-a,sinysinB+a, sinysin@cos O + a,(cosBcos @sin )]

+K,[Z, +a,(-sinB) +a,(sinpcosB) +a,(cosbcos) - Z;, ,](—a, cosO

—-a, sin@sinB—a, sinbcos @) —K,| {[X. +a,(cosBcosy) +
a,(sin@sinBcos Y — siny cos )

+a,(sinBcos@cos Y +sin@siny) - Xi’n_l]2 +[Y,. +a,(sinycos9)
+a,(sinysin@sin B + cos pcos YP) + a, (sinBcos @sin P — sinpcos Y) — Yi,n—1]2

1
+[Z, +a,(-sinB) +a,(sinpcosB) +a,(cosBcos @) - Z,,,,1°} 2{[X, +

a,(cosBcos ) +a,(sin@sinBcos P — siny cos )

+a,(sinBcos@cos Y +sin@siny) - X, ,][-a, cosPsind +a, (sinpcos Bcos )
+a,(cosBcospcosyP)] +[Y, +a,(sinycosb)

+a,(sinPsin@sin® + cos pcos Y) + a, (sinBcos @siny —sinpcos Y) - Y, ]
[-a,sinysinB+a, sinysin@cos O + a,(cosBcos @siny)]

+[Z, +a,(-sinB) +a,(sinpcos6) +a,(cosBcosy) —-Z;, ,](—-a, cosO

—a, sin@sin® —a; sinbcos @)} = 0;

(4.79)
and
d %% oL =0 (4.80)
dt (o 09
or
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| (@— WO COs B — Psin6) [l (Bcos @+ Y sin pcos B)(Y cos Bcos ¢ - Bsing)
—1_,({cos B cos @— Bsin@) (P cos Bsin@+ Bcos @)]

+K,[X, +a,(cosBcosy) +a,(sin@sinBcos Y — sin Y cos @)
+a,(sinBcos@cos Y +sin@sinyP) - X, ;][a,(cos@sinBcos Y + sin P sin @)
+a,(-sin@singcos )] +K,[Y, +a,(sinycos6)

+a,(sinysin@sinB + cos pcos YP) +a, (sinbcos gsiny

—singcos ) - Y, ,][a, (sin P cos @sin 6 — sin pcos P) — a, (sinBsin@sin Y
+cos@cosP)] +K, [Z,. +a,(—sinB) +a,(sinpcos 0)

+a,(cosBcosy) - Z;, ,][a, cospcosO —a, cosOsing —K | {[X,
+a,(cosBcos ) +a,(singsinBcos P — sin Y cos @)

+a,(sin@cos @cos Y + sin@siny) — Xi,n-1]2 +[Y, +a,(sinycos0)

+a, (sinysin@sin 8 + cos pcos Y) + a, (sinbcos @sin Y — sin@cos Y) — Yi’n_l]2
A
+[Z, +a,(-sinB) +a,(sinpcos B) +a,(cosbcos @) - Z,,_,1°} 2{[X,

+a,(cosBcos ) +a,(singsinBcos Y — sin Y cos )
+a,(sinBcos@cos Y +sin@siny) — X, ][a,(cos@sinBcos Y + sinYP sing)
+a,(—sin@singcos Y)] +[Y, +a,(sinycos0)
+a, (sinysin@sinB + cos pcos Y) +a, (sinbcos esin Y
—sing@cosy) - Y, ][a,(sinPcos @sin® —sinpcos P) — a, (sinBsin@sin Y
+cos@cosY)] +[Z, +a,(—sinB) +a,(sinpcos 0)
+a,(cosBcos) -7, ,][a, cospcosB —a, cosBsing]} =0

(4.81)
48 SMALL MOTIONSABOUT EQUILIBRIUM (LINEARIZED

EQUATIONS)

In contrast to the previously defined complete equations of motion (EOM’s) for
the system, we now look at the linearized equations in order to more easily examine the
behavior of small motions about the equilibrium point. It can be shown from equations
(4.36), (4.38), and (4.40) that the EOM's for each of the lowest n-2 (to exclude n-1) point
masses m making up mooring line i, where; Xt) = Xijnew(t) + Xijeq Yij({) = Yijnen(t) +

Yijep and Z;j(t) = Zijnen(t) + Zj e, are found as
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li;

)

L

mi,jxi,j,new + Ki,j()(i,j,new - |] 1new )(1_
Ki,JIi,iHi,J
2G 3/2 ijeq xi,j—l,eq) -
I
|
K. .. (X -X.. )(1_L)_
i,j+1 i,j+Lnew i,j,new \/7
G..
i,j+1
K. ..l..H
i,j+1%,j+1" Ti,j+1 .
—(xl +leq xi,',e ) = 01
ZG|3]/+§- i q J.eq
mi,jYi,j,neW + Ki,j(Yi,j,new - |] 1new )(1_
Ki,JIi,iHi,J
2(3.3./2 (Yi,l}eq - Yi,j—leq) -
I]
I' j+1
K (Ysgonon = Yoo JL = ) -
i,j+1 i,j+Lnew i,jnew \/7
G..
i,j+1
K.l ..H
ij+10,j+1" i+l
— 37 Mijeq = Yijeq) = 0;
ZG?I/.'.i J q J,eq
and
mi,jZi,j,neW +Ki,j(zi,j,new - |]—:Lnew )(1_
K, lH,;
Tz =7 )=
2(3'3;./2 1L.],eq i,j-Leq
1]
i,j+1
Ki,j+1(zi,j+lnew - Zi,j,new )(l_ \/(;7) -
i,j+1
K. .l H
i+ i+l
—(ZI +1,e Zi,',e ) =0
2631{5_ b q 1.eq
where
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G—x2 +X2 . =-2X. X +Y2 +Y2, =-2Y. Y.

i,jeq i,ji-Leq i,j,eq”Vij-1eq i,j,eq i,ji-1eq ijeq ' ij-lLeq

2 2 _
Zijeq +Z|]—Leq ZZI]quIJ -leq

H = A X|]new B le -1new Ci,jYi,j,new + Di,jYi,j—Lnew + Ei,jzi,j,new + I:i,jzi,j—J,new
A = 2(X| ,J.eq xi,j—Leq)

Bu = A

C = 2(Yljeq Yi,j—Leq)
Dile =-C;;

Eij =2Zijeq ~ Zijreq)
F. =-E,

(4.85)
for all j except j=n. Here the subscript “eq” refers to the equilibrium state under a net
bouyant force, and the subscript “new” refers to a quantity relative to the equilibrium
state. However, for mass n-1, linearizing equations (4.41) through (4.43) by ignoring all
higher order terms in the “new” variables and lettin@P& Xcnew(t) + Xceq Yc(t) =
Yenew(t) + Yeeg and Z(t) = Zepew(t) + Zcoq leads to

Ii,n—l

min—lxin—Lnew —1(x|n -1,new - xin—2 new)(l_ ) +
Y Y ’ Y \/Gi,n—l
Km— I|n H|n—
#(xi,nﬂ,eq ~ Nin- Zeq) + K (xc,new _ai,zl'|J +ai,36 (486)
in-1
Ii,n |n||nH|n — N-
- Xi,n—l.new)(l_ G )+ 2G3/2 (ai,l - Xi,n—leq) =0;
v Ii,n—l
mi,n—lYi,n—Lnew + Kln 1(Y|n —Lnew Yi,n—2,new )(1_ \/m)
K .l _H
+m_1|n—3_}2m_l( in-Lnew |n 2new) +K (Yc new l.IJ (487)
2(Bi,n—l
Ii,n |n||nH|n — N-
- ai,S(p_ Yi,n—Lnew)(l_ \/q) + Zanlz (Yc,eq + ai,2 Yln Leq) O:

and
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min—lzin—Lnew + Kin—l(zin—Lnew - Zin—z new )(1_ : )

LD s ) Koy B =28 (489
in-1
$8,0 Zy e - )+ 0 0 o7 )20
\/cT 2GY* a
where
G, =28, Xip1eq t x,2n eq T Yo 128, 0q = 2Y g Yinteq T2
Za|2Y| nteq T Yincteq F s 28571000 + Zieg
Hin = AinXcnew T B;, xc,new +CinYonew T DWW +E ;6 +F 0+R; X e
+S|nY|n -Lnew +T|nZ|n -1new
=2(a, - in—leq)
B =2(Y, eq T - Yi,n—l,eq)
Cin =25 — i,n—leq)
Din =222 Xin-1eq T @1 Yceq ~ &1 Yin-teq)
Ein =2(-25Xipeq ¥ Qi1Zin1eq)
Fi,n - 2(_ai,3Yc,eq +a|3Y|n -leq aIZZIn—l.eq)
Rin = A
Sin = Bi,
T, =-Ci,

(4.89)
Here, it is assumed that the system has sufficient symmetry such that the initial and
equilibrium values of 6, @, and Y are zero. Hence, no subscript “new” will be used for
these quantities. Likewisec¥ and Z e, are zero and these terms are omitted in all
equations.
Using the same procedure as above, linearizing equations (4.71), (4.73), (4.75),
(4.77), (4.79), and (4.81) yields
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. [
mcxcnew +Kin(xcnew - |2"IJ +a|3e xln Lnew)(l_ R )+
I‘<|nl|nH|n
W(au = Xingeq) = 0;

MY, o K (Yoo ta,0—a,0-Y, )@ i )+
c ' c,new in c,new i1 i,3 i,n-Lnew _r
Gi,n

K.l .H,

W(Yceq |n :Leq) O
mZ. . +K (Z.., —a.0+a,0-Z, ) {0 )+
c “c,new i,n c,new i1 i,2 i,n=Lnew _r
Gin
K|nl|nH|n
W(ais in-1eq) = 0

Izzl'*l:J + K ( a| 2Xc new |1 i,n—:l,eql'|J - ai,3Xi,n—:Leq(p+ ai,ZXi,n—LneW + ai,ch,new

lin
in-leq |3 |n leq r
Gin

- ai,lY' - ai,z l-|JY<:,eq + ai,3 eY + a| leJY

i,n-Lnew
KlnllnHm
263/2 (ai,ZXi,n—leq +ai,1Yc,eq _a| m—],eq) O
Iyyé + K (a| ch new |3xi,n—Lnew + ai,lxi,n—],eqe - ai,zxi,n—Leq(p+ ai,3 Yc,eq"lJ
|
_a| m—],eq"lJ a|1chew +aIlZIn -1,new a|SZ|n Leqe)(l_%)
Gin
KlnllnHm
263/2 (_ai,SXi,n—Leq +a| i,n— ]_,eq) O
and
Ixx¢+K ( a|2X|n :Leqe ai,3Yc,neW - |1€-‘1|3l'|J +a|3Yln—Lnew ai,ZYc,eq(p

+ai2Yin_]‘eq(p_aiZZ°“9W _aiZZin—lnew +ai32in—leq(p)(1_ . )
| | | | | | | , '\jGin

KlnllnHln
t— e (@iaY

ZG~3/2 i,n-leq ) O

-a;3Y

ceq | |n leq
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Equations (4.82) through (4.84), (4.86) through (4.88), and (4.90) through (4.95)
can be nondimensionalized by letting a;j = & /R, Xcnew = Xcnew/R, Yenew = Yene/R,
Zenew = Zenew! R, Xijnew = Xijnend R, Yijnew = Yijnew/R, Zijrew = Zijnen/R, myj = m;;/ime,
me = mdme=1, Kij = KijRI(McQ), I xx = 1o (McR?), 1y = 1 /(MR?), | = 1 ,/(MR?),
and T=t(g/R) 2.

If overdots now represent derivatives with respect to t, these equations become:

mi,/X/,/,new + K (X inew = Xijeanew A~ )+

I,
JG,,
K, 1, H,,

M ey - X )=
ZG;?/-/Z 1,].eq i,j-1,eq

/ (4.96)
K, ..(X: -X. . )(1_L)_
i,j+1 i,j+1,new i,j,new
\/ Gi,j+1
ij+itij+1t li j+1 - nN-
(Xi,'+1,e - X/, i e )— 0,
26,31/.'5 J q /.€q
Y K. (Y, Y )1 b )
m..Y.. + K. . . -Y.. - )4+
ij i j,new i,j Ui j,new i,j-1,new \/?
i,j
Kl H,,
263/2 ( ijeq Yi,j—l,eq)_
" | (4.97)
Ij+l( ij+lnew Yi,/',new )(1 _Lﬂ)_
\/ Gi,j+1
ij+1tij+1t i j+1 - .
(Yi,'+1,e - Y/’,',e )_ 0’
26,31/.'5 J q /.eq
Z K, (Z Z )(1 i )
m. .Z. . + K. . . - Z. . —— 7 )+
i,j<i,j,new ij i,j,new i,j-1,new \/?
i,j
K, I, H,,
263/2 (Zi,/,eq - Z/,j—l,eq)_
" (4.98)

I/ j+1
Ki,j+1 (Zi,/+l,new - Zi,j,new )(1 - /—) —

\/Gi,j+1
K. ...l... H. .

ij+1ti 1t i, j+1 (Z -7 )_ 0
3/2 i,j+1,eq i,jeq/ — Y1
2G;

i,j+1



l; -1
i,n—l,new n-1 (XI n-1new Xi,n—Z,new )(1 - — ) +

RY, Gi,n—l

i,n—-1
(Xi,n—l,eq - I n-2,eq ) + K (Xc,new - a/,zé” + a/,30

m X

i,n-1

K.l .H,

in-1%i,n-1

263/2

i,n—1

I, - Kl.H,

J?)+ IZHGI;/Z (afvl h Xi,n-l,eq) =0,
+ K/ n—l(

- Xi,n—l,new )(l -

Yi,n—l,new

m

i,n-1

/i n-1
in-Lnew Yi,n—z,new )(l - , )
K. 1 __H

\/ Gi,n—l
i,n-1"i,n-1

, i,n-1
+ 263/2 (Y/’,n—l,new - Yl n-2,new ) + K/ n( c,new ',1‘)0

i,n-1

Ii,n lnl/nHln
/3¢ ln—lnew)(l_ )+

\/ Gi,n 2613 2

l; -1
i,n—l,new n-1 (ZI n-1,new Zi,n—z,new )(1 - - )

\/ G/,n—l
L (Zi,n—l,new - Z/,n—2,new ) + K (Zc new /10

/. I H;,
+ai2¢_zin—lnew)(l_ L )+ Inll'l (ai.?_ ln—leq) 0

2G})?
)”(c,new + Ki,n (Xc,new - a/,z‘l’ + a/,se - X/,n—l,new )(1 -

m . _Z

i,n-1

i,n-1"i,n-1

263/2

i,n-1

K, . .H
+

l/,n )+
Y} Gi,n

K:nllnH
W(ai’l = Xin-1eq) = 0;

Yenow * Kin(Vonew + 840 = 8,,0- Y-t
c,new in c,new il i3 ln—lnew -

Y Y G/n
KII‘IIII‘IHII‘I

263/2 (ceq /nleq) 0

Zc,new + K/,n (Zc,new - a/ie + a/,zq)_ Zi,n—l,new )(1 - )+

I/,n
\[Gi,n
K lioH:p

in'i,n
2G3/2 (ai,3_ ln—1eq) 0
in

( ceq - ln—1eq) 0;

(4.99)

(4.100)

(4.101)
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Izzw + Ki,n(_aiZcheW +a/lX/n leq()b a/S’X/n leq¢ + aIZX/n—lnew

+ a Yc new a Yl n-1,new - ,z‘/’ c,.eq + ai,30Y + al 2‘// i,n-1,eq
l/n K/nl/nH/n (4105)

_ai,.?gYi,n—l,eq)(l_\/G]i)"' 263/2 (a,ZX,n -1eq + a; Yceq

- ai,l Yi,n—l,eq) = 0;

I 0 + Ki n (ai 3Xc new a/ 3X/ n-1,new + a/l X/ n-1 eq0 - a/,z Xi,n—l,eq¢

+ a YC eql/j al 3 n-1 eql/j al,lZc new + al 1ZI n-1,new (4106)
/i,n Kln/lnHln A,

+8,57;, 160)1~ G, )+ 2677 (=8, 5 Xin-10q * @121 n109) = 0

and

xx(” + KI n( al 2 XI n-1 qu - ai,3 Yc,new - ai,lai,s’l/j + ai 3YI n-1,new ai,ZYc,eqCD

+ a,, Yi,n—l,eq(”_ ai,ZZc,neW - ai,ZZi,n—l,new + ai,3Zi,n-1,eq§”)(1 - \/(I;L) (4-107)
in

K..li.H:,

+ W (a/,s Yi,n—l,eq —a;3 Yc,eq - a/ 2%in-1 eq) 0
in

where
G = Xlzj eq XI j-1eq — 2X; g Xij-1eq T Yl2/ eq Y/2/—1 eq 2Yi,j,ein,j—1,eq
Z/2,j eq + lej -l,eq _2Z//qu/ j-1,eq
Hi; = A Xijnew Y Bii Xijinew YCiiYijnew T DiiYijsnew T EijZijnew ¥ FijZij-tnew
Ai,j = Z(Xi,j,eq - Xi,j—l,eq)
Bij ==A,
Ci,j = Z(Yi,j,eq - Yi,j—l,eq)
D, =-C,;,
Eij=2(Zijeq = Zijmteq)
F;=-E;

(4.108)
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and

Gi,n = ai2,1 - Zai,l Xi,n—l,eq + Xiz,n—l,eq + Ycz,eq + 2ai,2 Yc,eq - 2Yo,eq Yi,n—l,eq + ai2,2
- Zai,zyi,n—l,eq + Yi,zn—l,eq + ai2,3 - 2ai,3Zi,n—1,eq + Ziz,n—l,eq
Hi,n = A/,n Xc,new + B/,n Xc,new + Ci,n Yc,new + D/,n(/l + E/,ne + F/’,n¢+ Ri,n Xi,n—l,new
+ Si,n Yi,n—l,new + T/,nZi,n—l,neW
An,=2a, - Xi,n—l,eq)
B, = Z(Yc,eq ta;, ~ Yi,n—l,eq)
Ci,=2(a;~- Zhieq )
D,,=2(a, Xin-zeqg T @i1Yceq ~ @i Yi,n—l,eq)
E,,=2(-a, Xi,n—l,eq + a/,lzi,n—l,eq )
Fi,n = 2(_ai,3 Yc,eq + a/',3 Yi,n—l,eq - ai,ZZi,n—l,eq)
Ri,n = _Ai,n
Si,n = _Bi,n
T/,n = _c/,n
(4.109)

4.9 STANDARD CASE

The previously stated linearized equations of motion can now be written in matrix
form as an eigenvalue problem from which the vibration frequencies, mode shapes, and
small motions of the system about its equilibrium state can be determined. However,
given the size of each equation and the number of variables (6 for the cylinder and 3 per
mass per mooring line), the procedure will be performed similarly to the one used in
Chapter 3 where three separate cases were considered. These include: Case A, where the
lines are modeled as massless springs; Case B, where the mass of each mooring lineis
lumped into one mass; and Case C, where the mass of each mooring line islumped into
some chosen finite number of equal masses. Asdetailed in Chapter 3, the structureis
configured in such away that only two spring stiffnesses will be considered. Hence, each
line will contain a series of springs of a common and known stiffness. Ka will refer to
the stiffness of each spring making up lines 1 and 4 (previously tagged i) and Kg will
refer to those making up lines 2, 3, 5, and 6 as shown in Figure 4.5. In addition, the

points where the mooring lines connect to the cylinder are known to have one value of
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each coordinate equal to zero, which will help simplify the EOM’s. These ara a
32, &3, &2 and ..
4.10 CASE A (MASSLESSLINES)

Case A, the most simple case to be considered, should still show much about the
small motion of the cylinder. The system of linearized equations can now be written in
matrix form as
[ml{¢} +[sl{a} =0 (4.110)
where ( represents a general vector of variables and [m] and [s] are the inertia and
stiffness matrices, respectively.

First, the vector {q} is defined as

{q}T:{Xc,neW Yc,new Zc,new ‘/’ 0 (0} (4111)

Here, only six EOM’s will be involved, making the eigenvalue problem associated with
this condition quite attractive. The inertia matrix [m] is easy to develop from the EOMs
(4.102)-(4.107) with n=1 and; ¥new = Yi.onew = Zionew =0 a@s

d o0 0 0 0 00O

100 0 of
o1 0 0 00O
[m] = 0 (4.112)
%} 001, 0 0f
© oo 0 1, 0O
[ 0
00 0 0 I.f

The stiffness matrix [s] can be easily obtained as well, but due to the complexity shown
in equations (4.102) — (4.107) for one mooring line, a listing for six mooring lines
becomes too exhaustive and only the numerical results will be provided.

The non-dimensional eigenvalues obtained by solving the eigenvalue problem for
the standard case (L=30 ft, R=5 f{=a&0 ft, b= 15 ft, Kn=197,970 plf, and k=131,980
plf) are found in matrix form to be
lw?]=[46.2 2053 675.7 8024 8085 1188.2] (4.113)
which can be written as dimensional frequencies (rad/s) as
[w]=[17.3 36.4 66.0 71.9 722 87.5 (4.114)

with the following normalized eigenvectors:
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O o 099 0 0 0 -0.520
0 0
0 0 0 1 0O O 0 0
Uo.74 0O 0 065 0 0 U
[u]= O (4.115)
g0 014 0 0 0 086
B 0 O 0 0 1 0 B
F068 0 0 076 0 0 H

where each column represents the eigenvector corresponding to the matching natural
frequency. The sum of the squares of the elements of each eigenvector is unity. It iseasy
to see that each natural frequency causes the structure to vibrate in a unique, but fairly
simple, fashion. The third eigenvalue results in a motion of the cylinder’s center of mass
only in the Y (heave) direction, whereas the fifth eigenvector describes a rotation only in
the @ (pitch) direction. Since these motions are intuitive with reference to Figure 4.1,
figures will not be shown here. The coupled motions occur in the first, second, fourth,
and sixth eigenvectors, which are shown as Figures 4.6, 4.7, 4.8 and 4.9, respectively.
Eigenvectors one and four involve sway and roll, whereas two and six involve surge and
pitch. The solid lines represent the equilibrium configuration. Figures 4.6 and 4.8 show
end views, while Figures 4.7 and 4.9 show side views.

Non-dimensionalizing the EOM’s has allowed for solutions for various cases of
L/R in addition to the standard case. As shown graphically in Figure 4.10, the fourth,
fifth, and sixth natural frequencies (nondimensional) tend to decrease nonlinearly with
respect to increasing L/R. The second and third natural frequencies increase nonlinearly
for very low L/R. However, they reach a maximum for L/R less than that of the standard
case (L/R = 6) and then decrease. The first natural frequency is hardly affected by L/R.
For very low L/R values a slight increase can be seen. However, for the most part, it is
constant after that. It should be noted that a change in L/R affects the entire inertia
matrix. This is probably the reason for such sharp and contrasting curves. Agphat.of

K/(p.gRP) is also shown as Figure 4.11. Here, all six natural frequencies increase

nonlinearly with respect to increasing gJR?).
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411 CASE B (ONE MASSPER LINE)

For case B, each mooring line will be modeled as two springs with a central mass
representing the weight of the entire line. Each mass contributes three new unknowns to
the system, which results in a 24x24 eigenvalue problem. For convenience, only the non-

zero elements of the mass matrix will be identified here. Here, the vector {q} " is defined

as
T _
{q} - {Xc,new Yc,new Zc,neW (/l 9 ¢ Xl,l,new Yl,l,new
Zl,l,new X2,1,new Y2,l,new ZZ,l,neW X3,l,new Y3,l,new ZS,l,neW X4,l,new (4116)
Y4,1,new Z4,l,new X5,1,new Y5,1,new Z5,1,new X6,1,new Y6,1,new Z6,1,new }

Using (4.99) through (4.107), the inertiamatrix in (4.110) contains the elements
My = Me Mp2 = M Mg3 = M My4=lzz Mes = lyy
Mee = Ixx Mz7= 1M Mgg = M1 Moo = My Mo,10 = M1
Mi111= My M22= N1 M313=Mk1 NMhg14= M1 Mis15= My
Mea1=My1  Mh717=My1 Mgig= My1 Nho19=Me1 Mho2o = Ne1
Mp121= M1 Mp222 = Me1 Mp323=Me1 Mpg24= Me1 (4.117)
The values of Ka and Kg are twice as high as the corresponding valuesin Case A,
since the springs are half aslong. Solving this eigenvalue problem resultsin the
following natural frequenciesin rad/s:
w=17.21 ,=36.32 3=65.89 w,=71.83 ws=71.98
w=87.28 wW7=191.22  wp=191.22 wx=191.22  o=191.29
wW11=191.36  w2=191.36 w3=191.39 w14=191.41 (n5=286.54 (4.118)
W16=286.69 17=286.70 wng=286.71 wno=1180.4 =1181.0
wW21=1181.0 x=1,881.1 3=2,302.6 p4=2,302.9
The non-zero mode shape terms for the first six natural frequencies are as follows:
uz1=0.42 Us1=-0.39 Ug1=0.041 Up11=-0.20  up;21=0.21
U142=0.20 U1s1=0.21 U1g1=0.041  Up1=-0.20  up1=0.21
Uz3,1=0.20 Upq1=0.21
U12=0.57 Us,2=0.08 U72=0.33 ug2=-0.12 U10,2=0.30
Up12=-0.12  u33,=0.3 Up2=-0.12  u362=0.33 U372=0.12
U1g2=0.29 Upo,2=0.12 Up2,2=0.29 Up32=0.12
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Up3=0.62
Upo5=0.32
U3 4=0.45
U144=-0.27
Uz 4=-0.27
Us5=-0.23
U1s5=-0.38
Ups 5=0.38
u; 6=-0.14
U116=-0.39
U1g,6=-0.09

ug3=0.31

Up35=0.32
Us 4=0.54

U154=0.23
Up4,4=0.23
Ug5=-0.38
U1g,5=0.38

U4,6:O.23
U13,5:-0.09
U20,6:O.39

U11,3:O.32

Ug,4:-0.04
U18,4:-0.04

U10,5:0. 14
U19,5:O. 14

U7 6=0.06
U14,5:-0.39
U22,6:-0.09

U14,3:O.32

U11,4:O.27
U20,4:0.27

U12,5:-0.38
U21,5:O.38

U8,5:-0.37
U16,5:0.06
U23,6:O.39

U17,3:O.31

U6,4:O.23
U21,4:0.23

U13,5:-0. 14
U22,5:-0. 14

U1o, 6:'0-09
U17,5:0.37

(4.119)

where for u;j, i and | represent an independent variable and corresponding natural

frequency, respectively. Here, given that the relatively high seventh natural frequency

and above are of less interest, the mode shapes corresponding to these frequencies are not
listed. On the other hand, it should be noted that the first six natural frequencies have

decreased dlightly as aresult of the added masses and splitting a single spring into two

springs with half the length and twice the stiffness (so that the total stiffness of the line

doesn’t change). Excluding the third mode shape where the cylinder and mass vibrate

only in the Y direction, plots of the first six mode shapes are shown as Figures 4.12

through 4.16. Again, the solid lines represent the equilibrium configuration of the

system. Figures 4.12 and 4.14 show end views, Figures 4.13 and 4.16 show side views,

and Figure 4.15 is a top view of the breakwater. The small circles shown in all the

figures are the lumped masses that are located at the center of each mooring line. It is

helpful to visualize the mooring lines extending from the cylinder’s ends through the

masses, and to the ocean floor. In all the figures, the masses tend to “go with” the motion

of the breakwater as expected.
4.12 CASE C (TWO MASSES PER LINE)

For case C, each mooring line will be modeled as three springs with two equal

masses whose weights sum to equal the weight of the entire line. Each mass contributes
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three new unknowns to the system, which now yields a 42x42 eigenval ue problem.
Following the same procedure discussed in Sections 4.10 and 4.11, the first six natural
frequencies are found in rad/s to be

w=17.23 =36.34 3=65.92 w,=71.84 ws=72.01

0=87.33 (4.120)
which are practically the same as previously obtained in Case B. Due to the fact that the
mode shapes for these frequencies correspond to motions of the cylinder and mooring

lines that are essentially the same as for Case B, they will not be shown here.
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Figure 4.1 — “Unstretched Springs” Configuration — General System
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Figure 4.2 — General Configuration During Motion
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Figure 4.3 — Euler Angles
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Figure 4.4 — Cylinder Dimensions
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Figure 4.5 — Mooring Line Identification
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Figure 4.6 — Mode Shape (First Eigenvector — Case A)



Figure 4.7 — Mode Shape (Second Eigenvector — Case A)

— 0.65 —

Figure 4.8 — Mode Shape (Fourth Eigenvector — Case A)
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Figure 4.9 — Mode Shape (Sixth Eigenvector — Case A)
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Figure 4.10 — Natural Frequency (Nondimensional) vs. L/R — Case A
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Figure 4.11 — Natural Frequency (Nondimensional) vs. K (Nondimensional)
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Figure 4.12 — Mode Shape (First Eigenvector — Case B)
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Figure 4.15 — Mode Shape (Fifth Eigenvector — Case B)
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59



CHAPTER 5 PROBLEM THEORY AND DEVELOPMENT
5.1 GENERAL OVERVIEW

There are two genera approaches towards the analysis of moored structures used

as breakwaters. They are frequency domain analysis and time domain analysis.

Frequency domain analysisis usually used when the primary concern of the examiner is

the breakwater’s overall effectiveness. However, both methods are frequently used when
examining forces that are developed in the mooring lines (Tsinker 1995). In this thesis,
frequency domain analysis is used exclusively.

The linear analysis procedure used to analyze the breakwater's motions in water is
similar to the free vibration theory discussed in Chapter 4. However, here three new
elements are introduced. The motions are forced due to the waves passing over the
structure, damping due to the fluid structure interaction is included, and an added mass
term is included to account for the decreased response of the structure due to the presence
of external water.

The equation of motion, in matrix form, that describes the motion of the
breakwater is found as
M-+ R+ [ches+ kK = e (5.1)
where [] and {} represent square matrices and column vectors, respectively. Given the 6
degrees of freedom of the structure, the square matrices are [6x6] (6 rows by 6 columns)
and the column vectors are {6x1}. The left-hand side of (5.1) represents the forces acting

on the body in still water. When the breakwater accelerates in still water, a

hydrodynamic force is developed which is representeENb,y]{E}. Similarly, a

hydrodynamic force proportional to the breakwater's velocity is Writte[ﬁ]&é. For the

cylindrical breakwater, [M] and [C] are functions of the frequency of motion. They are

also dependent on the structure’s shape and depth in water. These properties are constant
for the breakwater of this thesis. The stiffness matrix [K] is due to the stiffness of the
mooring lines, which anchor the breakwater to the ocean floor. The forces{fa)hg

up the right hand side of (5.1) are computed for a series of sinusoidal waves passing over
the breakwater which is fixed in space (in water). These forces are a function of the wave
amplitude, wave frequency, and incidence angle. In the context of linear theory, the
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wave forces as well as the body motions are proportional to the wave amplitude. In this
study, a unit amplitude waveis used for all conditions. Although several important and
rare topics such as three-dimensional analysis, oblique waves, and end effects are
included in thisthesis, there are limitations to its applicability. The primary assumption
isthat linear theory (small motion) prevails, as evident in the form of (5.1), and that
linear wave theory is adequate. However, for regular waves and small motions of the
structure, this assumption is very adequate. Thereis a general exception for moored
structures. At very low frequencies, the mooring lines will act much more like
catenaries, and the provided stiffnessis highly nonlinear (Tsinker 1995). On the other
hand, the breakwater of thisthesisis an air-filled structure with a very large net bouyant
force acting on it and Chapter 3 ensures the mooring lines are taut which causes the lines
to respond linearly even at low frequencies.

5.2 LINEARWAVE THEORY AND FLUID BEHAVIOR

Before proceeding to the question of how to solve for the new elements of (5.1)

(M and K are the same as in Chapter 3), the assumptions and wave theory should be
considered. It isassumed that the fluid isinviscid and incompressible. It is also assumed
that the fluid particle motion isirrotational (i.e., the curl of the velocity vector is zero).
Therefore, the velocity field can be written as the gradient of the velocity potential ®.

For the examination of the moored cylinder as a breakwater, a new coordinate
system will be chosen which isin accord with those more common to ocean engineering
systems. The global XY Z system is fixed to the ocean floor directly below the center of
gravity of the cylinder in its equilibrium configuration. The Z axisis defined as positive
upwards, the Y axis is parallel to the cylinder’s axis, and the X axis is positive in the
direction of wave propagation f@=0. This new coordinate system is shown in Figure
5.1 with the incidence angfe In addition to coordinate changes, nondimensional
guantities will be dimensionalized and metric units will be used for all figures.

In response to the sinusoidal waves of unit amplitude and frequefrag/s)
passing over the structure, the cylinder will be assumed to undergo small steady-state
vibrations about its equilibrium position at the driving frequen®f the waves. The
displacement of the structure will involve rigid body motions in each of the six

previously established degrees of freedom and defined by
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g()=§e™ (52
wherej = 1to 6 for each of the six degrees of freedom, surge, heave, sway, pitch, yaw,
and roll, respectively, and the hat indicates a complex amplitude. Following Newman

(1994) and Dewi (1997), the velocity potential can be written in the form

6 . O_.0
d(x,Y,2,1) :Re%a +@, + Z(pj(x,y,z)éj %"‘*’E (5.3

where

@oe' isthe potential of the diffracted waves,

(ge'i‘*’t isthe radiation potential for mode (degree of freedom) j, and

@e'“* isthe incident wave potential.

The incident wave potential at some position z above the ocean floor is defined by

Newman (1994) as

- IgAI COSh(kZ) eik(><cos|3+ysin{3)
w cosh(kd)

(5.4)

where
A, isthe incident wave amplitude,
d isthe water depth,
B istheincidence angle, and
k isthe wave number. The wave number can be found from the following dispersion
relation (Dean and Dalrymple 1991):
w® =kgtanh(kd) (5.5)
where g isthe acceleration of gravity.
5.3 EXTERNAL FLUID CHARACTERISTICS

The motion of the fluid surrounding the air-filled breakwater is defined such that
each of the ¢ potentials must satisfy Laplace’s equatiﬂﬁgzo (Dean and Dalrymple
1991). The following boundary conditions must also be satisfied:

For the free surface:

00 o
a—(p'—‘*’—cpj =0 (5.6)
z g

For the ocean floor:
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(5.7)

For the wet body surface, S:

(5.8)

where
n,=s =un, +v,n, +w;n, (5.9
where s denotes the displacement of panel j inthe X, Y, and Z directions, respectively,
and n points from the body surface to the external fluid and is normal to the breakwater
surface.

A boundary integral method is used to analyze the fluid flow around the structure.

Wehausen and Laitone (1960) provide the necessary Green’s function for this method,

namely
1 1
G(P,Q) = +
(P JRZ+(z-0)? R*+(2d+2+Q)?

i % +& E:osh[k(z +d)] cosh[k (£ +d)] (5.10)
+2 9 . ™93, (kR)dk

0 k sinh(kd) — ‘*;cosh(kd)
where

P=(x,y,z) is the coordinate of the field point,

Q=(&,n,Q) is the coordinate of the source point, and

R=y(x—&)% +(y -n)?

The application of Green’s second identity gives a Fredholm equation of the

second kind, which in turn results in values of the potential on the wet body surface. The

Fredholm equation can be written as
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dG(P,Q)
ong,

1510))
- 219 (P) + [[9,(Q) dS, = [ HQ)G(P.Q)S, (511)
Sp Sp Q

The above integral is solved by approximating the cylindrical breakwater surface by a set
of flat, quadrilateral panels with aknown centroid for every panel. It isassumed that the
potential across a given panel is constant and the value is assigned to the centroid. In
order to evaluate Green’s function (5.10), the FORTRAN subroutine FINGREEN
developed by Newman (1985) is used.

54 DETERMINATION OF FORCE, ADDED MASS, AND DAMPING

ELEMENTS
Recalling (5.1), [M], [C], and {F} must be determined for each of the six degrees

of freedom the structure undergoes. Following Newman (1994), the added mass terms

are found in matrix form from

M.] = %ReH—ipr J'J’(pjnidSH (5.12)

2 2

where[}; denotes a given matrix element of the square [6x6] matrix. Alsis,the
density of salt (ocean) water. Likewise, the damping matrix [C] is found by

[c], = élmH—ipr J'J’(pjnidSH (5.13)

2 2

and the total hydrodynamic force, which is composed of the incident wave force and the

diffracted wave force, is found by

F +F° =—iwp,, J’J‘(cpI +@,)n,dS (5.14)
Sp

for each of the j =1 to 6 degrees of freedom. With the previously mentioned assumption
dealing with a constant potential across each panel, and verifying convergence and the
required number of panels to insure validity of results, each of the integrals above is

given by a summation over the surface of the breakwater.
55 SOLVING FOR RESPONSE AMPLITUDES OF THE

BREAKWATER IN WATER

Now (5.1) can now be solved in the frequency domain by inserting the adequate

added mass, damping, and forcing terms for a given wave frequency. The response
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amplitudes éj as defined earlier can be found by solving six simultaneous equations. The

velocity potentials on the free surface are obtained from Green’s Theorem (Dewi, 1997)
as

aG(P Q) _G(P,0) cp,(Q)

Q Q

¢(P) = I((P, Q—— )dS, (5.15)

and are part of the total velocity potentasummation of (5.3).
Finally, it is of prime importance to find the free surface elevationthe

proximity of (and especially behind) the breakwater. It can be found from

7 =-10P_iw® (5.16)

56 PROCEDURE VALIDATION
The FORTRAN program used to solve for the added mass, damping,

hydrodynamic forces, and velocity potentials for this breakwater was developed by Dewi
(1997). As a result, the program has been previously verified with existing results in the
literature for two-dimensional and three-dimensional arches, a rigid hemicylinder
attached to the ocean floor, a vertical cylindrical column, and circular plates in contact
with fluid. However, given the particular structure of this thesis, a moored, horizontal,
rigid, cylindrical breakwater, the FORTRAN program should still be validated. As
discussed in detail in Chapter 2, Evans et al. (1979) analyzed a long cylinder in waves
using two-dimensional analysis and found that at the “tuning frequency” the transmission
coefficient is zero. Creating a 304.8 m (1000 ft) long cylinder, these results have been
verified. Although a three-dimensional analysis is used, the structure moves only in sway
and heave for normal waves. Since end effects are negligible, the structure’s motion can
be described accurately in two dimensions. Figure 5.2 shows the magnitude of the waves
over the proximity of the structure. The structure is located at X equal to 0 and extends
from —152 m to 152 m in the Y direction. The waves advance from —X to +X. Figure 5.2
shows clearly that for a long structure, the magnitude of the waves after the structure is
approximately zero. The plot is for a wave frequesn@f 1.25 rad/s which is the wet

natural frequencw, of the cylinder. Here the term wet natural frequency is analogous to

"tuning frequency" and represents the first natural frequency of the structure in water.
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Figures 5.3 (a)-(f) show the free surface elevation near the breakwater at fractions of the
wave period. The figures are not to scale and the structure appears much larger than it
actually is. Thisisdonein order to more specifically show the wave elevations near the
structure. The location of the horizontal plane below the structure is not defined by Z=0
(ocean floor), but is approximately Z=3.0 m (the bottom of the structure). Figure 5.3 ()
seems strange, for the upstream waves are apparently reduced by the breakwater. Thisis

not really the case. It should be recalled that the upstream waves represent the

superposition of incident and deflected waves. At thistime, the two waves are "out of
phase” and somewhat cancel each other out. On closer inspection, it is clear that at some
timet, the upstream waves are larger than at other times. Hence, depending on the phase

of the incident and deflected waves, amplification or cancellation can take place. Figure

5.3 portrays the structure’s effectiveness. Nevertheless, as will be shown in Chapter 6,
for a more reasonable “short” breakwater under normal waves, end effects are
considerable and the structure is not as effective. In addition, for oblique waves, the

structural response is not two-dimensional and its effectiveness varies.
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Figure 5.1 — New Coordinate System for Breakwater Showing Incident
Wave Direction3
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Figure 5.3 (a) - Free Surface Elevation for w=0,=1.25 rad/s
(304.8 m Breakwater, 3=0°, t=0)
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Figure 5.3 (b) - Free Surface Elevation for w=w,=1.25 rad/s
(304.8 m Breakwater, 3=0°, t=0.2T)
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Figure 5.3 (c) - Free Surface Elevation for w=w,=1.25 rad/s
(304.8 m Breakwater, 3=0°, t=0.4T)
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Figure 5.3 (d) - Free Surface Elevation for w=w,=1.25 rad/s
(304.8 m Breakwater, 3=0°, t=0.6T)
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Figure 5.3 (e) - Free Surface Elevation for w=w,=1.25 rad/s
(304.8 m Breakwater, 3=0°, t=0.8T)
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Figure 5.3 (f) - Free Surface Elevation for w=w,=1.25 rad/s
(304.8 m Breakwater, 3=0°, t=1.0T)
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CHAPTER 6 ANALYSIS OF THE “STANDARD CASE”
BREAKWATER

6.1 BREAKWATER MODELING
The "standard case" breakwater is 9.144 m (30 ft) long and has aradius of 1.524
m (5 ft). The shorter and longer mooring lines have stiffness values of 197,970 plf
(pounds per linear foot) and 131,980 plf, respectively. For this breakwater, whichis
shown in Figure 5.1, it was decided that the breakwater should be modeled as arigid
cylinder made up of a number of panels that would give at least 0.5% accuracy on all
results. With thisin mind, several breakwaters constructed of 50 to 5000 panels were
created. Given the short length of the cylinder, it was found that a breakwater composed
of 120 panels resulted in a “worst case” of 0.21% discrepancy from the results (added
mass, damping, and forces) obtained from the 5000 panel breakwater. Hence, a 120
panel cylinder is used as the “standard case” discretion of the breakwater surface.

6.2 FREEVIBRATION IN WATER

In Chapter 4, the natural frequencies and mode shapes of the “standard case”
breakwater were presented. As established in Chapter 5, added mass and damping
coefficients augment the equations of motion describing the structure’s movement.
Although the damping terms are not factors in calculating free vibration natural
frequencies and mode shapes, the added mass terms (relatively large) greatly reduce the
natural frequencies of the breakwater when submerged in water.

The eigenvalue problem which provided the dry (in air) natural frequengies
and mode shapes for the breakwater can be written as
K] - i, [M] =0 6.1)
where [K] and [M] are the stiffness and mass matrices, respectively, and are of the form
[6x6]. Now, with the addition of the added mass matrix][Mhe eigenvalue problem
becomes
K] - e (V] + M, [ = 0 (6.2)
which yields the wet natural frequenciegs and the associated mode shapes. In order to

solve (6.2) for the wet natural frequenciesa]Vhust be obtained, but it is dependent on

this frequency. Therefore an iteration method is required. First, an initial guess for the
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first natural frequency is chosen. Secondly, the added mass matrix is obtained for that
frequency and the first natural frequency isfound by solving (6.2). The percent
difference between the initial guessed frequency and the new valueisfound. This new
valueis then used as the new natural frequency and the added mass matrix is found again.
Then (6.2) is solved and a new percent differenceisfound. The procedureis repeated
until the percent difference is less than some specified value (2% was chosen). The final
frequency value satisfying the 2% difference requirement is the first natural frequency of
the cylinder in water. The procedure is then repeated for the other 5 natural frequencies.

Table 6.1 compares the six dry natural frequencies to the six wet natural frequencies.

Table 6.1 — Comparison of Dry and Wet Natural Frequencies

Natural Frequency | Dry Natural Wet Natural Percent Difference
Number Frequency (rad/s) | Frequency (rad/s)

1 17.3 3.9 77.4%

2 36.4 114 68.7 %

3 66.0 11.7 82.3 %

4 71.9 17.1 76.2 %

5 72.2 21.2 70.6 %

6 87.5 55.6 36.4 %

It is clear that most of the natural frequencies decrease sharply due to the presence
of water. However, although the same coupling is present in the modes for the structure
in water, these modes correspond to different natural frequencies. For instance, for the
third dry natural frequency, the corresponding mode shape is heave alone. However,
heave alone is the mode shape corresponding to the second wet natural frequency. This

can be seen most clearly by comparing the two modal matrices
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where the six rows of each matrix represent surge, heave, sway, pitch, yaw, and roll,
respectively. The first mode shape has remained sway combined with roll but the relative
values have changed dramatically. The resulting first mode shape for the cylinder in
water isamost entirely sway. Likewise, the sixth wet mode shape is mostly roll, and the
third mode shape surge. The heave and yaw modes are the same asin air but have
changed order. Therefore, no new figures are needed for these 5 modes. The fifth mode
Is combined surge and pitch and is very similar to the sixth mode shape for the cylinder
inair. Hence, no new figure will be given here either (see Figure 4.9).

Given that water wave frequencies are usually in the range of O to 6 rad/s, it is
advantageous to change the diameter of the mooring lines such that the first natural
frequency of the breakwater in water isin thisrange. By trial and error, it was found that
by dividing the stiffness of the lines by 58, afirst wet natural frequency of 1.25 rad/sis

obtained. All six wet natural frequenciesin rad/s become
[w.]=[1.25 164 232 3.19 3.83 17.94] (6.5)

The added masses that caused the changes in natural frequencies will be displayed
graphically in the next section and will not be listed here. The new stiffness values for
the shorter and longer mooring lines become 3413 plf and 2276 plf, respectively.
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6.3 FORCED VIBRATION OF THE BREAKWATER
It was discussed in the introduction of Chapter 5 how the structure would respond

linearly to forces that act on the breakwater as the waves pass over it. In addition, it was

noted that the added mass and damping coefficients are calculated for the structure’s
motion in still water. However, since the structure vibrates at the forcing frequency
(frequency of the waves), it can be said that these terms are dependent on the frequency
of the waves. Nevertheless, these terms are independent of the direction of the waves and
are a function of the frequency only. The forces acting on the structure are determined

for waves passing over a rigid structure and are dependent on both the angle of wave
propagation and the frequency of the waves. Three directions of wave propagation are
considered to include incident angfesf 0°, 15°, and 30. The added mass and damping
coefficients will be considered first, followed by hydrodynamic forces, and finally the

structure's effectiveness for all three cases.
6.4 HYDRODYNAMIC COEFFICIENTS: ADDED MASS AND

DAMPING

The added mass matrix was found for numerous wave frequencies and the
elements are plotted vs. kR where k is the wave number and R is the radius of the
cylinder. A(1,1) is element (1,1) of the [6x6] added mass matriy.[Migure 6.1 is a
plot of a nondimensionalized A(1,1) whegrés the density of ocean water and V is the
volume of the breakwater. Likewise nondimensional A(2,2), A(3,3), A(4,4), and A(5,5)
are plotted vs. kR as Figures 6.2 — 6.5. A(6,6) is always approximately zero due to the
ability of the breakwater to undergo roll without much resistance from the water. Also, it
should be noted that the added mass terms are “added moments” for the rotational
degrees of freedom 4, 5, and 6 and these elements are divided by an additional "R" to
nondimensionalize the quantities A(4,4) and A(5,5). Likewise the diagonal elements
C(1,1) — C(5,5) of the damping matrix [C] are plotted as nondimensional quantities vs.
KR as Figures 6.6 — 6.10 wheuas the frequency of the waves. Once again the roll
mode damping C(6,6) is always approximately zero.

All of the nondimensional added mass curves seem to peak at some value of kR

and then decrease, only to rise and level off. It is interesting that the maximum added
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mass for the first four degrees of freedom occurs at around kR=0.25, whereas the
maximum added mass for the fifth degree of freedom isfound at about kR=0.50.

The nondimensional damping curves are all somewhat "bell shaped”. They all
peak somewhere between kR=0.4 and kR=0.75. The rotational damping curves are more
spread out over the independent variable kR than the trandlational ones.

6.5 HYDRODYNAMIC FORCES

The forces { F} making up the {6x1} matrix corresponding to the six degrees of
freedom are plotted vs. kR for numerous frequencies for al three cases of = 0°, 15°,
and 30° shown in Figures 6.11, 6.12, and 6.13, respectively. Here, g isthe acceleration
of gravity, A isthe amplitude of the waves (1 for all cases), and L isthe length of the
structure (9.144 m). For normal waves, only vertical (heave) and horizontal (sway)
forces are developed as expected for afixed structure. For oblique waves, all forces and
moments are plotted vs. KR except the roll moment for the same reason there were
negligible added mass and damping coefficients for this mode.

For normal waves, the two nondimensiona hydrodynamic force curves (heave, F2
and sway, F3) are very similar in shape and both peak at a kR value of about 0.4. For
these two force curves, the maximum val ue decreases and shifts slightly to the left (lower
corresponding kR) as 3 increases to 15° and 30°. On the other hand, the nondimensional
moments pitch (F4) and yaw (F5) along with the surge force (F1) al tend to increase as
theincident angleincreases. Thisisreally quitelogical, for the larger the incident angle,
the more involved pitch, yaw, and surge become.

6.6 STRUCTURAL RESPONSE: RESPONSE AMPLITUDE

OPERATOR (RAO)

Solving (5.1) for a given wave frequency (and structural response frequency)
resultsin solutionsfor {&} , a{6x1} matrix defining the structure’s amplitudes in each of
the six degrees of freedom for the given wave frequency. In general, &; is acomplex
number, but to simplify things &; will be used from here out only as a single value, which
is the magnitude of the complex number. (RAO)j for j=1 to 6 is the Response Amplitude
Operator for each of the | degrees of freedom. Itisequal to &;/A where A isthe

amplitude of the incident wave. Since A isaways one for our cases, we will ssmply plot
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&i/A vs. KR, keeping in mind that A is aways one. Figures 6.14, 6.15, and 6.16 show this
relationship for B equal to 0°, 15°, and 30°, respectively. The structural responseis
combined heave and sway for all normal waves. Therefore, only these two variables are
plotted. Likewise, for oblique waves, trandational motion is extremely dominant and
only these values are plotted.

For normal waves, it is clear that sway is the dominant mode for akR
value less than about 0.4. The sway response peaks at around kR=0.3 and the heave
response peaks at a kR value of nearly 0.4. Although the heave response barely changes
asthe incident angle isincreased, the sway response perpetually decreases. Although the
relative amplitude of the surge response is small for most values of kR, it isinteresting
that the curve peaks at akR value slightly greater than 1.0. Here surgeisclearly the

dominant response.
6.7 INFLUENCE OF STRUCTURE ON WATER WAVES

The influence that the structure has on the waves passing over it will now be
considered. The transmission coefficient T, is defined as the ratio of the amplitude of the
waves behind the structure to the incident wave amplitude. For convenience, the
amplitude of the waves on the other side of the structure will be defined as the average
value of the wave amplitude from the breakwater to 50 m downstream. It will be
calculated from the center of the breakwater and in a direction normal to the cylinder’s
axis regardless of the direction of the incident wave.

The values of Jas a function of kR are shown in Figure 6.17. Itis evident that
the structure is most effective for normal waves at kR approximately equal to 0.65, which
corresponds to a wave frequency of 2.05 rad/s.Bfegual to 1% the structure is most
effective for kR equal to about 0.11 (wave frequency 1.85 rad/s).3legual to 30, the
structure is most effective at the natural frequency of the cylinder in water (wave
frequency 1.25 rad/s) and a corresponding kR of around 0.3. Figure 6.17 shows clearly

that such a breakwater can be effective for a large bandwidthubgmals © or 15.
6.8 FREE SURFACE ELEVATION AMPLITUDE

The transmission coefficient of Section 6.4 gives some idea of the overall

effectiveness of the breakwater. However, since it is defined only for the center of the
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structure, its value may be misleading. Therefore, four specific cases will be considered
to include the three most effective wave frequencies (1.25 rad/s, 1.85 rad/s, and 2.05
rad/s) discussed in the previous section and a typical wave frequency of 172. For 3 equal
to 0°, the free surface el evation amplitudes for the four aforementioned frequencies are
shown in Figures 6.18-6.21, for 3 equal to 15° in Figures 6.22-6.25, and for 3 equal to
30° in Figures 6.26-6.29. It should be stated here that the free surface el evation
amplitudes are not "snapshots' taken at some timet. On the contrary, the term free
surface elevation amplitude refers to the maximum amplitude of awave at any timet for
agiven location (X,Y). To make things more clear, consider the case of waves passing
over the same region without a structure present. In this case (with our unit amplitude
waves) the free surface elevation amplitude would simply be 1.0 for all (X,Y).
The breakwater is 9.144 m long and is located at X=0 and extends from Y =-4.572
mto 4.572 m. TheY-axis extends beyond this range in order to manifest the role of end
effects on breakwater effectiveness.
For 3 equal to 0°, the effectiveness of the structure is apparent in all four plots.
However, by comparison, it is clear that the most effective case isfor w=2.05 rad/s as
indicated by the low transmission coefficient. On the other hand, careful inspection of
Figure 6.20 reveals that at the ends of the structure, the structure’s effectiveness
diminishes more sharply for this wave frequency comparest1025 rad/s (Figure 6.18)
andw=172 rad/s (Figure 6.21). Figures 6.18 and 6.21 show a broader band of
effectiveness in the Y direction. However, since the effectiveness of the breakwater is
considered behind the center of the structure (Y=0), it can be concluded that for normal
waves, the transmission coefficient well represents the structure’s effectiveness.
Oblique angles yield more interesting results. [Fegual to 15, Figure 6.23
(lowest transmission coefficient case) suggests a very effective structure over the entire Y
region shown. However, it also shows that the waves in the upper portion (+Y values) of
the downstream region are more sharply reduced. On the other hawnd1®b rad/s
(Figure 6.22) the effectiveness is dramatically more pronounced for the lower portion of

the waves in the downstream region. The role of end effects is shown in all four plots.
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Finally, for 3 equal to 30°, the transmission coefficient may be somewhat
misleading. Itisnot, however, for w=1.25 rad/s which portrays a very effective structure.
The lower portion of the structure is even more effective than the transmission coefficient
suggests. Nevertheless, the other cases selected reveal some serious concerns. For a
short breakwater (L=9.144m) used in largely oblique waves, the waves seem to pass
around the structure and are actually amplified in some cases after some distance beyond
the structure. Therefore, if used as a single breakwater, the structure should be close
enough to the shore to prevent this effect. It should be kept in mind, however, that such
structures are intended to be used in series with one another, which should minimize this
effect. Thistopicisconsidered in Chapter 7.

One final point: when comparing Figures 6.22 and 6.23, it seems that the
breakwater of Figure 6.22 is much more effective. However, the transmission coefficient
is lower for the breakwater of Figure 6.23. This shows clearly the importance of free
surface elevation plots. It should be recalled that T is calculated over the first 50 m after
the structure. The amplitudes close to the structure are extremely low for Figure 6.23 but
soon increase and balance out. The amplitudes for Figure 6.22 are more close to constant
at the center of the structure over the 50 m span. Therefore the values near the structure
for the breakwater of Figure 6.23 bring down the average T over the region and make the
structure appear more effective. However, if the structure being protected is 100 m
straight back from the breakwater and is subject to both cases, the larger waves will be
felt asaresult of the breakwater of Figure 6.23.

6.9 FREE SURFACE ELEVATION PLOTS

Figures 6.18-6.29 show the amplitude of the free surface for a given wave
frequency. However, it is also interesting to show how the free surface looks at instants
in time. These “snapshots” are cyclic for some period T, which is dependent on the wave
frequencyw. Forf equal to O, the free surface elevation plots for the four frequencies
considered in the previous section (1.25 rad/s, 1.85 rad/s, 2.05 rad®&? aad/s) are
shown in Figures 6.30-6.33, fBrequal to 15in Figures 6.34-6.37, and f@requal to
30° in Figures 6.38-6.41. The figures all contain six parts (a)-(f) which are plots at a time

t which is a fraction of the period T and include t equal to 0, 0.2T, 0.4T, 0.6T, 0.8T, and
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T. Although the plot for t=T is redundant (same as the plot for t=0), it is useful in
showing a complete cycle.

For 3 equal to 0°, the free surface elevation plots show the effectiveness of the
structure. It is apparent that the size (amplitude) of the waves after the structure have
similar values for any t considered. However, the superposition of the incident and
reflected waves before the structure is shown by the varying wave amplitudes for
different times (compare Figure 6.30 (a) to 6.30 (b)). Since our main concern isthe
amplitude of the waves downstream of the breakwater, we will focus on these waves.

The free surface elevation amplitude plots of the previous section show that for normal

waves the most effective case is when the wave frequency is 2.05 rad/s. By comparing

Figures 6.30-6.33, thisis more difficult to determine, because the structure is effective for

all four cases and no color scheme is used to compare relative amplitudes. Nevertheless,

some interesting points can be made. The end effects are very obvious. Figure 6.18,

which suggests a large effective bandwidth in the Y direction, shows a sharply decreased

wave amplitude near the cylinder’'s ends compared to the wave amplitude at Y=0. This is
shown clearly in Figure 6.30 (a) and (b) as three-dimensional plots for time t=0 and
t=0.2T. On the contrary, Figure 6.20 shows that for a wave frequency of 2.05 rad/s, the
wave amplitudes near the ends of the structure are much larger than those near the center.
This is bolstered by Figure 6.32 (a), which shows wave amplitudes that are larger at the
cylinder’s ends.

For 3 equal to 15, some interesting points can be made as well. It was previously
determined that at a wave frequency of 1.25 rad/s, the breakwater is much more effective
at the bottom (-Y) than the top (+Y) of the structure. This is evident in Figure 6.34 (a) by
comparing the wave heights at these locations at positions after the structure. The most
effective case (based on the transmission coefficient) is when the wave frequency is 1.85
rad/s. However, this is primarily because the wave amplitudes at the center of the
structure are temporarily reduced (for nearly 20 m) but then increase. This can be seen
by examining the wave just after the structure in Figures 6.35 (a)-(f).

The main concern of the cases that consider an incident angleisftB6

amplification of waves some distance past the structure. This is seen by examining the
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change in wave amplitude at the center of the breakwater (Y=0) as X increases (Figure

6.39 (e) as well as many others).
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Figure 6.8 — Nondimensional Damping Matrix Element C(3,3) vs. kR
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Figure 6.9 — Nondimensional Damping Matrix Element C(4,4) vs. kR
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Figure 6.37 (f) — Free Surface Elevation do¥v2 rad/s
(9.144 m Breakwatef3=15°, t=1.0T)

161



Figure 6.38 (a) — Free Surface Elevationdsww,=1.25 rad/s
(9.144 m Breakwatef3=30°, t=0)
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Figure 6.38 (b) — Free Surface Elevationdsio,=1.25 rad/s
(9.144 m Breakwatef3=30°, t=0.2T)
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Figure 6.38 (c) — Free Surface Elevationdsi,=1.25 rad/s
(9.144 m Breakwatef=30°, t=0.4T)
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Figure 6.38 (d) — Free Surface Elevationdsio,=1.25 rad/s
(9.144 m Breakwatef3=30°, t=0.6T)
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Figure 6.38 (e) — Free Surface Elevationdsw,=1.25 rad/s
(9.144 m Breakwatef=30°, t=0.8T)
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Figure 6.38 (f) — Free Surface Elevation é&rw,=1.25 rad/s
(9.144 m Breakwateff=30°, t=1.0T)
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Figure 6.39 (a) — Free Surface Elevationdstl.85 rad/s
(9.144 m Breakwatefi=30°, t=0)
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Figure 6.39 (b) — Free Surface Elevationds1.85 rad/s
(9.144 m Breakwatef3=30°, t=0.2T)
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Figure 6.39 (c) — Free Surface Elevationd®1.85 rad/s
(9.144 m Breakwatef=30°, t=0.4T)
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Figure 6.39 (d) — Free Surface Elevationds1.85 rad/s
(9.144 m Breakwatef=30°, t=0.6T)
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Figure 6.39 (e) — Free Surface Elevationdstl.85 rad/s
(9.144 m Breakwatef3=30°, t=0.8T)
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Figure 6.39 (f) — Free Surface Elevation ée1.85 rad/s
(9.144 m Breakwatef3=30°, t=1.0T)
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Figure 6.40 (a) — Free Surface Elevationds2.05 rad/s
(9.144 m Breakwatefi=30°, t=0)
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Figure 6.40 (b) — Free Surface Elevationd?2.05 rad/s
(9.144 m Breakwatef3=30°, t=0.2T)
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Figure 6.40 (c) — Free Surface Elevationds2.05 rad/s
(9.144 m Breakwateff=30°, t=0.4T)
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Figure 6.40 (d) — Free Surface Elevationd?2.05 rad/s
(9.144 m Breakwatef=30°, t=0.6T)
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Figure 6.40 (e) — Free Surface Elevationds2.05 rad/s
(9.144 m Breakwatef3=30°, t=0.8T)
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Figure 6.40 (f) — Free Surface Elevation é&¥2.05 rad/s
(9.144 m Breakwatef3=30°, t=1.0T)
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Figure 6.41 (a) — Free Surface Elevationdsnv/2 rad/s
(9.144 m Breakwatef=30°, t=0)
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Figure 6.41 (b) — Free Surface Elevationdsmv/2 rad/s
(9.144 m Breakwatef3=30°, t=0.2T)
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Figure 6.41 (c) — Free Surface Elevationdsnv/2 rad/s
(9.144 m Breakwateff=30°, t=0.4T)
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Figure 6.41 (d) — Free Surface Elevationdsmv2 rad/s
(9.144 m Breakwatef=30°, t=0.6T)
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Figure 6.41 (e) — Free Surface Elevationdsnv2 rad/s
(9.144 m Breakwatef=30°, t=0.8T)
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Figure 6.41 (f) — Free Surface Elevation do¥v2 rad/s
(9.144 m Breakwateff=30°, t=1.0T)
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